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I.  INTRODUCTION  ,VND  REVIEW  OK  RESEARCH  ACCOMPLISHED 
Dl'RINC.  THE  PRESENT  C.RvVNT  PERIOD 

During  Che  present  Rrant  period,  we  have  made  considerable  progress 
In  developing  the  Spectral  Domain  Approach  for  solving  radiation  and 
scattering  problems.  The  fundamental  concepts  of  the  Spectral  Domain 
Approach  for  solving  electromagnetic  problems  have  been  described  in 
an  invited  paper  entitled,  "Transform  Approach  to  Electromagnetic 
Scattering,"  which  will  soon  appear  in  Proceedings  of  the  IEEE.  In 
this  paper  we  have  also  Illustrated  a  number  of  important  applications 
of  the  spectral  approacli  and  have  demonstrated  the  accuracy  and  reliability 
of  this  method  by  solving  problems  that  are  not  tractable  with  Keller's  CTD. 
The  rellabilltv  of  the  method  derives  from  the  fact  that  Che  boundary 
condition  check,  is  built-in  in  the  procedure  for  constructing  the 
solution.  The  spectral  approach  can  also  be  used  to  verify  the  accuracy 
of  any  given  solution,  regardless  of  liow  the  solution  was  derived.  We 
have  described  this  work  in  a  chapter  of  a  book  on  "Classical  Wave 
Scattering,"  which  is  to  be  published  by  Academic  Press.  This  chapter 
deals  with  Che  topic  of  accuracy  tests  for  as\Tnptotic  solutions  using 
the  spectral  domain  approach.  We  have  also  presented  the  material 
described  in  Che  above  two  publications  in  a  NATO  Advanced  Study  Institute 
in  England  in  August  of  1979. 

The  problem  of  radiation  from  sources  located  on  smooth  convex 
surfaces  has  been  discussed  in  two  publications.  One  of  these  is  an 
invited  paper  in  the  Hans  Bremmer  75th  Anniversary  issue  of  Radio  Science 
and  Che  other  is  a  paper  submitted  for  possible  publication  in  the 
Transactions  of  IEEE  Antenna  and  Propagation  Society.  Other  publications 
that  have  either  appeared  during  the  year  1979  or  prepared  for  publication 
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during  Che  present  grant  period  are  attached  herewith.  Six  syrnposium 
presentations  describing  the  results  of  spectral  domain  analysis  have 
been  presented  at  domestic  and  international  technical  meetings. 


II.  PROPOSED  EFFORT  FOR  THE  NEXT  CRA.NT  PERIOD 

During  Che  next  grant  period,  we  propose  to  investigate  three  different 
aspects  of  the  spectral  domain  approach  for  solving  electromagnetic  radiation 
and  scattering  problems.  As  indicated  in  Section  I,  we  have  made  consid¬ 
erable  progress  during  the  last  grant  period  toward  developing  the  spectral 
domain  approach,  and  have  demonstrated  its  usefulness  by  solving  a  number 
of  problems  which  are  not  tractable  using  Keller's  OTD.  During  the  next 
grant  period,  we  propose  to  investigate  additional  canonical  geometries 
for  which  the  GTD  solution  is  either  unavailable  or  unreliable.  We  also 
propose  to  apply  the  spectral  domain  technique  to  a  number  of  complex 
structures  in  order  to  fully  develop  an  appreciation  of  the  scope  and 
limitations  of  the  approach.  Finally,  during  Che  present  grant  period 
we  have  discovered  that  the  spectral  domain  approach  has  an  inherent 
potential  for  solving  a  new  class  of  problems  which  cannot  be  accurately 
solved  either  via  the  asymptotic  techniques,  e.g.,  GTD,  or  by  Che  low- 
frequency  techniques.  We  provide  brief  descriptions  of  the  proposed 
efforts  in  these  three  areas  in  the  paragraphs  below. 

A.  Application  of  the  Spectral  Domain  Approach  to  Canonical-Tvpe  Problems 

Having  demonstrated  the  usefulness  of  the  spectral  approach  to  the 
finite  strip  problem,  we  propose  to  extend  the  approach  to  the  more  complex 
problems  of  the  curved  scrip,  strips  of  finite  thickness,  and  plates  with 
sharp  or  curved  corners  (see  Fig.  1).  Preliminary  analysis  of  the  curved 
strip  has  shown  Chat  its  GTD  solution  can  be  inaccurate  for  certain  angles 
of  observation,  particularly  when  these  are  away  from  the  direction  of 
specular  reflection.  We  propose  to  employ  the  spectral  approach  to 
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derive  express  ions  tvT  the  scattered  tield  that  nake  express  use  of  the 
available  i'>TD  solutions  but  do  not  sufter  from  their  deficiencies.  The 
results  obtained  will  be  useful  for  manv  complex,  curved-surface,  scattering 
structures  with  edges,  e.g.,  reflector  antennas.  We  will  discuss  some  of 
these  applications  in  Section  B  below. 

Returning  to  the  canonical-type  problems,  the  next  modification  of  the 
thin  edge  problem  we  wish  to  consider  is  the  thick  strip  problem  which  cannot 
be  handled  using  the  conventional  GTD  because  the  tvpical  thickness  of  the 
strip  is  on  the  order  of  one  wavelength  or  less.  However,  in  the  spectral 
approach  we  can  begin  with  the  thin  strip  solution  and  incorporate  it  into  the 
transform  method  to  derive  an  accurate  solution  to  the  chick  strip  problem  in 
a  systematic  manner. 

The  third  problem  in  this  category  that  we  propose  to  consider  is  that  of 
scattering  bv  a  plate  with  either  sharp  or  rounded  corners.  Recentlv,  a  number 
of  corner  diffraction  coefficients  have  been  proposed  for  handling  the  sharp 
corner  problem.  The  spectral  domain  approach  is  not  only  able  to  verify  the 
validitv  and  accuracv  of  these  solutions  but  to  systematically  refine  them 
as  well. 

Before  closing  this  section,  we  would  like  to  point  out  an  important 
and  unique  character istic  of  the  spectral  approach,  viz.,  it  provides  a 
built-in  boundary  condition  check  not  available  in  anv  other  high  frequencv 
technique.  Thus,  the  solution  generated  via  the  spectral  domain  approach  is 
always  reliable  and  does  not  require  the  use  of  independent  checks  for  its 
validation. 

3 .  Application  of  Spectral  Domain  Approach  to  Complex  Structures 

It  is  always  desirable  to  consider  the  application  of  a  solution  technique 
to  practical  geometries  that  are  not  just  test  or  canonical  problems,  though 
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the  latter  are  useful  in  their  own  right  in  the  early  developmental  stages 
of  any  new  method. 

Consequently,  the  second  class  of  problems  we  propose  to  consider 
has  relatively  more  complex  geometries,  those  which  require  the  use  of 
the  canonical  solution  developed  during  the  first  stages  of  the  proposed 
effort.  The  types  of  geometries  we  propose  to  consider  are  those  for  reflector 
antennas,  masts  and  struts  of  rectangular  and  circular  cross  section, 
leaky-wave  radiators  comprising  metal  strips  on  a  dielectric  substrate, 
planar  waveguides  for  optical  and  quasi-optical  wave  propagation, 
and  microstrip-type  antennas.  At  the  end  of  the  first  grant  period,  we 
expect  to  have  the  necessary  tools  for  attacking  all  of  the  problems  listed 
above.  For  instance,  for  the  reflector  antenna  problem  we  would  use  the 
solution  for  the  curved  surface  with  edges.  For  the  mast  scattering  problem, 
we  can  make  use  of  an  efficient  and  accurate  procedure  for  calculating  the 
scattered  far  field  that  employs  a  combination  of  equivalent  Huvghens'  source 
and  Fourier  transform  techniques.  For  the  microstrip  and  leaky-wave 
radiation  problems,  the  spectral  domain  approach  offers  a  very  convenient 
representation  for  the  Green's  function,  i.e.,  for  the  problem  of  a  current 
source  located  above,  or  inside,  the  dielectric  substrate.  The  solution  to 
the  above  class  of  radiation  problems  is  derived  by  applying  the  Galerkin 
method  in  the  Fourier  transform  domain, 

C.  Analysis  of  Frequency  Selective  Surfaces  Using  the  Spectral  Domain  Approach 

Frequency  selective  surfaces  find  important  applications  in  antenna 
radomes,  Cassegrainian-type  reflector  antennas,  and  gratings  and  filters 
for  optical.  Infra-red  and  millimeter  waves.  As  shown  in  Fig.  3,  a  typical 
example  of  such  a  surface  is  a  perforated  metal  sheet  placed  on  a  dielectric 
support.  In  the  past,  the  analysis  of  such  a  screen  has  been  carried  out 


usini{  thf  noinent  ttitchoii  or  the  node-nuitchinv;  method,  both  of  which  are  useful 
for  solviuK  the  problem  wnen  tne  cell  size  ot  the  mesh  is  on  the  order  of  a 
wavelength  or  less.  Bevond  that,  the  matrix  size  required  to  solve  the 
problem  can  become  prohibitively  large,  and  the  computer  cost  as  well  as 
storage  requirements  make  these  approaches  Impractical  to  apply  to  the 
problem  under  cons iderat ion. 

During  the  present  grant  period,  we  have  discovered  that  the  spectral 

domain  approach  offers  an  extremely  accurate  and  efficient  way  for  attacking 

Che  problem  of  a  periodic  array  of  apertures  with  or  without  a  dielectric 

substrate.  We  have  established  that  the  spectral  approach  can  handle 
11  * 

upward  or  2  (•  2048)  unknowns,  which  in  the  case  of  the  present  problem  are 

Che  complex  Floquet  space  harmonic  amplitudes.  W’e  can  determine  these  manv 
unknowns  accurately  with  only  5  to  b  seconds  of  CPI’  time  on  the  CDC  Cvber 
175  computer.  In  contrast,  a  matrix  approach  for  determining  2000  unknowns 
is  estimated  to  require  8  hours  of  computer  time!  An  added  advantageous 
feature  of  the  spectral  approach  is  that  the  reliability  of  the  solution  is 
guaranteed,  since  the  boundary  condition  check  is  built-in  the  algorithm  for 
constructing  the  solutions. 

We  propose  to  an.alyze  the  v.irious,  frequency-selective  surfaces  with 
parameter  choices  that  would  make  them  suitable  for  different  applications, 
e.g.,  filters,  radomes  and  reflectors  mentioned  earlier  In  this  section. 

*Note  that  using  the  usual  guideline  of  unknowns  per  wavelength,  a  -IX  '• 
cell  size  would  require  1024  unknowns  for  each  of  the  two  components  of 
the  current  or  aperture  field,  and  hence  the  total  number  of  unknowns 
would  be  2048. 
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Fig.  1.  Canonical  type  geometries. 


(b)  Scattering  by  a  aast 


(d)  Quasi-optical  waveguide 
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(e)  Microscrip  antenna  problem 

Fig.  2.  Problems  to  be  solved  using  the  spectral  domain  approach. 
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In  this  paper  we  present  a  brief  review  of  some  recent  developments  on  the  use  of  the  spectral -domain  approach  for  deriving 
high-frequency  solutions  to  electromagnetics  scattering  and  radiation  problems.  The  spectral  approach  is  not  only  useful  for 
interpreting  the  well-known  Keller  formulas  based  on  the  geometncaj  theory  of  diffraction  iGTDi.  it  can  also  be  employed  for 
verifying  the  accuracy  of  GTD  and  other  asymptotic  solutions  and  systematically  improving  the  results  when  such  improve¬ 
ments  are  needed.  The  problem  of  plane  wave  diffraction  by  a  finite  screen  or  a  stnp  is  presented  as  an  e.xample  of  the 
application  of  the  spectral-domain  approach. 


1.  Introduction 

Asymptotic  solutions  of  differential  equations 
are  extremely  useful  in  many  branches  of  mathe¬ 
matical  physics.  In  electromagnetics,  these  solu¬ 
tions  are  constructe  J  [1]  directly  from  the  solution 
of  Maxwell's  equations  and  are  valid  in  the  high- 
frequency  regime,  i.e.  fc  -•  x,  where  k  (  =  2n,' A I  is 
the  wave  number  and  A  is  the  wavelength  of  the 
incident  illumination.  An  alternate  approach  to 
the  solution  of  Maxwell's  equations  for  elec¬ 
tromagnetic  scattering  problems  entails  the  initial 
step  of  converting  the  partial  differential  equations 
into  an  integral  equation  via  the  use  of  the  Green's 
function.  Such  an  equation  is  self-contained,  since 
the  boundary  conditions  are  already  “built-in" 
during  the  process  of  its  derivation.  However,  at 
high  frequencies,  where  the  characteristic  dimen¬ 
sion  of  the  scatterer  becomes  very  large  compared 
to  the  wavelength,  numerical  solution  of  the 
integral  equation  becomes  very  unwieldy  if  not 
impractical,  because  the  size  of  the  matrix  equa- 

•  Currently  with  NASA  Jet  Propulsion  Leboratory,  Califor¬ 
nia  Institute  of  Technology.  Pasadena.  California  91 103. 


tion  [2]  for  the  unknown  surface  current  on  the 
scatterer  becomes  prohibitively  large.  Thus,  an 
asymptotic  solution  based  on  GO  igeometncal 
optics),  or  its  refined  version  GTD  igeometrical 
theory  of  diffraction),  is  widely  used  in  the  high- 
frequency  regime  [3-7].  The  ray  methods,  which 
encompass  GO  and  GTD.  find  extensive  appli¬ 
cations,  not  only  in  electromagnetics  and  acous¬ 
tics,  but  in  other  fields  of  wave  propagation  as  well. 

However,  these  methods,  although  extremely 
useful,  have  certain  limitations  which  must  be  fully 
appreciated  by  the  user  in  order  to  assess  their 
applicability  to  the  specific  problem.  V  .*  original 
form  of  the  Keller  GTD  formulas  needs 
modifications  at  shadow  boundaries  [4.8],  which 
separate  the  lit  and  shadow  regions  and  in  the 
neighborhood  of  caustics  where  the  rays  intersect 
each  other,  e.g.,  in  the  neighborhood  o(ihe  focus 
of  a  parabolic  reflector  illuminated  by  a  plane 
wave.  Finally,  it  is  difficult  to  estimate  the  accuracy 
of  the  GTD  solution  for  a  given  problem;  no 
systematic  approach  for  improving  the  solution 
has  been  available  within  the  framework  of  the  ray 
methods,  except  via  the  use  of  multiply  diffracted 
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raw.  a  priKcss  wKuh  can  lead  (»>  a  ili\er4;enl 
senes 

In  ihi>  paper,  we  illusiiatc  the  .ipplie.uuin  I'l  a 
lecentK-dcveU'VH’iJ  melhovl,  called  rhe  vpcclral 
di'iuain"  techniciuc  (S-lUl,  that  \lew^  ihc  ascriip- 
toiic  inelhiKl  fr>'m  a  ditlereni  perNpeciive  1  he 
cpectral  approach,  which  i>  based  on  a  coiiihina- 
lion  v)t  Fourier  transtoiin  and  inieKral  equation 
techniques,  regards  the  high  I'requencs  .isvinptotic 
solutiiMi  for  electromagnetic  scattering  as  an 
assniptiitic  csaluation  of  the  ii'teitral  represen¬ 
tation  for  the  scattered  held,  which  nia\  he 
expressed  as  an  inie>’ral  over  the  Fourier  spectrum 
of  the  surtace  cut  rent  distribution  on  the  scatterer 
Stnctlv  spealvin){,  such  an  interpretation  of  the 
asvmptotic  solution  is  not  iteoinetnc  in  nature, 
however,  it  has  been  shown  [S,  i>]  that  the  Gl'l) 
solution,  vvhere  valid,  is  indeed  identiliable  with 
the  asvmptotic  result  derived  from  the  evaluat'i'n 
of  the  transform  inteitral  One  also  finds  that  the 
inteitral  representation  pn'vides  a  uniform  solu¬ 
tion  for  the  held  even  at  shadow  bvniiularies  aiul 
caustic  reijions  w  here  C!  I'D  formulas  need 
modihcation  Furthermore,  svstematic  improve¬ 
ment  of  the  (il  D  solution  is  possible  in  the  spec 
tral  domain  bv  combimni;  the  Gl  D  apinoach  with 
the  intejtral-equation  formulation  An  example  of 
such  a  procedure  for  rehnini;  GTD  solutions  via 
the  use  of  the  spectral  domain  approach  is  included 
in  the  paper  .-X  unique  advantaite  of  the  method  is 
that  It  provides  a  convenient  accuraev  test  for  the 
siilutiivn.  a  feature  that  is  unavailable  in  v'ther 
asvmptotic  techniques  for  solviiii;  hiifh-frequencv 
scatterin);  problems. 

It  should  be  pointed  I'ut  that  the  spectral 
apprivach  does  not  ijain  these  advantaiies  over  the 
conventional  GTD  methods  without  some  cvvst. 
The  beauts  aiul  simplicitv  of  Keller's  ifeometric 
interpretation  of  wave  propaijation  at  hich 
frequenev  in  terms  i>f  the  rav  picture,  and  the 
“local"  character  of  the  propagation  of  fields  are 
no  longer  present  in  the  integral  representation, 
until  after  the  spectral  integral  has  been  asvmp- 
toticallv  evaluated  Gn  the  other  hand,  it  is 
well-recogni/ed  that  the  difhculties  in  the  GTD 


toimulas  are  encountered  preciselv  in  the  situa¬ 
tions  vvhere  the  local  character  of  the  tield  pro- 
pa^ativm  breaks  down.  Goiisequeiitlv .  and  luni- 
unexpectedlv .  an  integral  over  a  widet  lejfion  of 
the  scatteier.  rather  than  iust  the  nei^thbourfunul 
vif  the  speculai  reflection  points,  or  edije  points, 
contributes  to  the  scattered  fai  lield.  a 
phenomenon  which  is  in  line  with  spectral  domain 
interpretation  of  hi)jh-frequencv  ditii  action 
phenomena 

2.  .Speefral  domain  approach  to  veriHcaiion  and 
retinemeni  of  asvtnpiolic  solutions 

One  of  the  invist  challeiisime  pnibleins  m  the 
solution  v'f  hiifh-frequencv  scatteiins  anaivses  is 
the  establishment  of  the  accuiacv  of  the  lesults.ind 
the  letinement  of  the  solutu'ii  when  the  need  tor  its 
improvement  IS  clearlv  indicated  The  ditficultv  in 
verifviii.c  whether  the  asvmptotic  expression, 
tvpicallv  derived  fri'iii  the  G  I'D  apinv'ach.  does 
indeed  solve  the  N>undarv  value  piobleni  under 
consideration  stems  prmiaiilv  ftom  the  fact  that 
there  is  no  I'bv  u<us  w.iv  to  build  in  '  the  boundatv 
cimditions  m  siilution  proceduies  based  on  rav 
methods  .Another  reasvin  is  that  the  hivth- 
frequenev  si'lutions  are  otten  constiucied  t»vi  the 
radiated  tar  fields,  whereas  the  application  vit  the 
Knindaiv  conditums clearlv  requiresihe  neav-tielvi 
information.  In  cv'ntrast.  the  iiueijral  eifuation 
formulation  fi'r  the  scattctiiiv;  problem  is  b.ised 
directiv  on  the  application  of  the  boiindarv  condi¬ 
tion  and.  consequeiitlv.  the  boiindaiv -condition 
check  IS  rediiiulant  for  this  approach  However, 
the  conventuMial  moment -method  solution  I'f 
integral  evpiations  is  limitcvl  strictlv  to  the  low  - 
frequenev  and  resvvnance  regions  .is  the  matrix  m/c 
becomes  unmanageablv  larte  bevond  the 
resonance  reifion 

In  this  section  we  will  brietU  outline  .1  specit.il- 
vlomain  methi'd  lor  bridsmi;  the  two  .ipproaches. 
vi/..  the  inteiiral-eqiiation  and  asvmptotic  tech¬ 
niques  I'he  hvbrid  method  has  the  desnable  fea¬ 
ture  that  it  not  onlv  verities  the  accuiacv  of  the  t.iv 
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soluiu'iis  I'ui  pri'MiloN  a  swii-inaiK'  lm•an^  tor 
impro\  iiijtihc  solution  tiu  a  lai>;o  s  lassot  piohloms 
ol  ptaiiisal  inlorosi  This  lavi  will  K-  illusiraicil  sia 
a  ispisal  ovaiiiple,  m/  .  plane  ssase  Jilliaslion  In  a 
strip  rather  eases  have  also  been  ireateii  aiul  niav 
he  tininit  in  1  U)  I.'] 

I  /  Vi  ei'o/vntvir  ot  \pei  rrir/-./(>niiiiri  tormuhilitoi 
i't  thf  tnir\;'iil  i\fuatitin  iirij  irv  .rp/irinirnirre  vo/nrrim 

I'he  Isev  to  eoinhinut)!  the  asvniptotie  solution 
with  the  inteiiial  eviuatiivn  tornuilation  lies  in 
leeoj’ni/ini!  the  faet  that  the  houiiei  transtoini  ol 
the  iiiiiueeil  eurrent  on  a  seatterer  is  ilirectlv 
lelatevl  to  the  seaiteieil  tar  liehl  ami  that  a  so>'vl 
approsiinatuMi  to  this  seattereJ  liehl  is  olien 
available  tri'in  anv  asvinptotie  methoils.  e  v;  . 
C<  I'O  l  o  take  advantage  ot  these  lasts  we  choose 
ti'vvork  with  the  ■l  ourier-transfotmeil  "  or  "spec 
tial  sloinain  "  version  of  the  intevttal  ev{uaiu<n 
tather  than  with  the  ciuiventional  spaiial  sh'iuain 
counterpart  \ke  benin,  hiwvever,  with  the  cr'it 
vcntu'iial  electiic  tieUI  inteiiial  ev|uaiion  if  cs)ua- 
tiont  lor  a  peifectiv  conJuctinc  scatteiei 

iG  *71,  •  f;;. 

1 1 1 

G  il'S  Wie"''  l4rrr  rl 

where  G  is  the  lircen's  ilvadic,  I  is  the  unit  slvad 
anvi  fir  t  is  the  unkiiiwsn  luvluced  surface  current 
slensitv  I  he  subscript  t  simiilies  the  taniietial 
component  of  the  tieUI  on  the  surface  ,V  of  the 
scatterer,  t  "  is  the  inculenl  electric  lield  on  the 
scatterer.  and  •  '  svmboh/es  the  convolution 
I'peraiion 

As  a  preamble  to  f'ourier  iransfoimins  i  Ii.  we 
tirst  exteiisf  it  ov  er  all  space  I  o  this  end  we  deline  a 
truncation  opeiaior  4  i.-li, 

4i4l  j  .4,iSir  rj  dr.  r.  ■  .S’,  I’l 

where  .S  is  the  Oirac  della  function  1  et  rti.lt  be 
deiined  as  the  complementarv  operator 

di.Al  1  rfi.Ai,  (fl 


We  can  then  lewnie  i  I  i 

G  <■  J  di  f"l  »  fiiG  •  I  1 1  i4  I 

tor  all  space. 

.\s  imlicated  .ibov  e.  in  conti  ast  lo  i  1 1. 1 4 1  is  v  ahd 
at  all  obseivatuMi  points  whethei  on  oi  otf  the 
suitace  .S’  \ote  that  the  inleitral  es|ualioii  i  1 1  is 
embeddcif  in  i4i  and  that  we  h.ive  masle  use  ol  the 
obvious  klentilv  J  We  have  also  diopped  the 
subscript  ;  in  writiii);  i4i.  because  bv  referring  to 
I’t  we  obseive  that  the  0  opeialoi  selects  the 
tan^eniial  component  ol  the  tunciion  in  its 
.iii:umeni 

Nest  we  t  outlet  tianstoim  i4i  bv  iiUiodmiiir; 
the  tianslorm  relationships 

/■'lAi  j  /-'irie  'vir  .»|/-iri|  i.'a' 

.Hill 

Fin  1:^')  I  A*ie'‘'dA  '|At'l 

'  _rt  J  s 

i.sbi 

with  on  lop  denoiiiii;  the  li.msfoinied  i|u.in- 
lilies 

The  iranslotmed  veision  of  i4i  reads 

(aj  f.'i  ‘  F  (lo 

wheie  F  .rlrViG  ♦  ufj'i)  and  t\  is  the  ii.iiisioim 
of  the  tanriential  component  ot  the  incident  lield 
tiuncated  on  .s'  Note  that  the  coiivolutu'ii  opeia 
tion  in  |4I  IS  tianstoimed  inti'  an  aleebi.iic  pioduct 
upon  f'oiirier  transfoimation 

.•\  formal  solution  to  idi  can  now  be  wniten  as 

./  6  '  I  Fi  •  F '  1  "■  I 

l  unation  (71  implies  that  if  we  hast  available  the 
l■■ouller  transtoiin  of  the  scatlered  elect  tic  lield.  we 
could  consiruci  the  solution  foi  the  induced  sui 
face  current  densiiv  in  the  transform  ilomain  bv 
adding;  it  to  f.'i,  vvhich  is  known  and  bv  perlomi- 
mi5  an  alijebraic  division  reptesenled  bv  6  V  In 
practice,  ot  course,  F  is  not  known  and  must  be 
solved  tor  alonv:  with  J  if  is  to  be  used  m  the 
form  as  shown  Hovvevet.  instead  ot  usim:  this 
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form,  we  proceed  to  derive  an  iterated  form  of  the 
equation  as  shown  below; 

=6-'(-£, +  ,8) 

which  indicates  the  (n  lith  approximation  of  J 
can  be  derived  from  the  nth  approximation  for  F. 
We  next  show  how  F"’  itself  can  be  derived  from 
J'''.  To  this  end,  we  use  the  identity 

,9» 

which  may  be  verified  by  writing  t9l  as 

F  =  cF[G‘J-t)(-E')]  (10) 

and  using  <4)  to  get 

F  =  JiS(G>teJn]  (111 

which,  of  course,  is  the  definition  of  F.  We  can  now 
use  (9)  to  derive  the  nth  approximation  of  F 

from  the  nth  approximation  of  /  i.e.,  J'"'.  The 
relationship  is  written  as 

=  (12) 

The  desired  iterating  relation  and  J  may 
now  be  written.  Using  |8)  and  (12), 

■"])]].  (13) 

J.«.  Procedure  for  apph mu  the  method 

The  step-by-step  procedure  for  constructing  the 
solution  of  the  transformed  surface  current  J  will 
now  be  given 

( 1 )  Begin  with  an  estimate  of  7  ^  .  which  is  ihe 
Fourier  transform  of  ihe  induced  surface  current, 
or  equivalently,  the  scattered  'or  held  within  a 
known  multiplicative  factor  Fhat  the  fat  scattered 
field  IS  dircctiv  related  to  the  Fourier  transform  of 
the  induced  current  is  well-known  in  eiectromag 
neiics  and  has  )^en  derived  in  several  standard 
texts  (see  for  instance  Fq  2  2'b'ol.l-J  Tvpk- 
ally,  the  initial  approximatHin  for  i  vi/  J  ..an 
he  obtained  as  follows 


(a)  Estimate  F,  the  Fourier  transform  of  the 
scattered  field,  f,  outside  the  scatterer,  using 
GTD  or  other  asymptotic  solutions.' 

(b)  Subtract  Ei,  the  Fourier  transform  of  the 
tangential  component  of  the  incident  elec¬ 
tric  field  truncated  to  the  surface  of  the 
scatterer. 

(c)  .Vlultiply  the  result  of  Step  (bj  by  6"'.  Note 
that  6’'  is  known  and  the  operation  is  alge¬ 
braic. 

(d)  Take  the  inverse  Fourier  transform  of  the 
result  of  Step  (c)  and  truncate  it  to  the 
surface  of  the  scatterer  to  obtain  7'"',  the 
initial  approximation  for  J.  The  Fourier 
transform  is  typically  done  numerically 
using  the  Fast  Fourier  Transform  (FFT), 

(2)  .Multiply  by  6,  the  known  transform  of 
the  Green’s  Dyadic.  Note  this  involves  algebraic 
multiplication  and  not  the  usual  time-consuming 
convolution  operation. 

(3)  Take  the  inverse  Fourier  transform  of  the 

product  using  both  visible  and  invisible 

ranges. 

(4)  Apply  the  truncation  operator  to 

which  gives  the  approximation  to  the 
tangential  component  of  the  scattered  electric  field 
E',  on  the  surface  S.  The  accuracy  of  the  solution 
can  be  conveniently  checked  at  this  point  by  veri¬ 
fying  the  satisfaction  of  the  boundary  condition  by 
the  tangential  component  of  E‘.  viz.,  {EJ  =  -El} 
on  S.  As  mentioned  In  the  introduction,  this  is  an 
important  feature  of  the  method. 

(5)  Subtract  tJi.F'‘[67 '"]!  from  the  total 
.F  '[67  '’  }  already  evaluated. 

( (i  I  Take  the  Fourier  transform  of  the  difference 
obtained  in  Step 

'  Vmc  !h»i  GTD  iKeller'vi  volutions  mav  eiitier  )iave 
vin(uianiiev  iw  may  be  in  error  near  sliadow  and  reflection 
Nnindariet  in  al  caustics,  and  the  Lniform  Theory  of 
Diflracnon  ilTOi  [1?)  and  ihe  fnifortn  Asymptotic  Theory 
I  Aft  (15)  that  are  employed  to  repair  GTD  break  down  at 
yausiN.-s  The  Spectral  Theory  of  Diffraction  iSTDi.  on  Ihe 
othei  hand,  .s  uniform  (or  all  observation  angle'  The  criterion 
(o»  vhxosint  any  at  these  asymptotic  forms  of  solution  is 
cimvenicnce  of  computation  for  desired  accuracy  For  a 
omparalive  evaluation  of  the  accuracy  of  the  GTD.  LTD. 

I  AT  and  STD  the  reader  is  referred  to  ( l.s] 
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Suhiract  f|.  the  Fourier  transform  of  the 
tanttential  eomponent  of  the  incident  electric  held 
truncated  on  the  surface,  from  the  result  in  Step  o 
(8)  Multiply  the  result  v'btained  in  Step  hv 
6  '.Note  that  6  '  is  also  known  and  the  operation 
IS  asain  algebraic  as  in  Step  2.  The  result  thus 
obtained  is  /  which  is  the  first  iteration  of  the 
scattered  far  held. 

I'Ji  Take  the  insersc  Fourier  transform  of 
obtained  in  Step  8  and  e\aluate  it  on  5  to  jjet  the 
desired  induced  surface  current  on  the  scatterer  In 
other  words,  perform  the  operation  '(•/  '  1>- 
For  an  exact  solution,  this  operation  is  redundant, 
since  J  »  HJ.  and  hence.  =  t*HJ  =7. 

Ffowever.  the  Fourier  insersion  of  an  nth  approx¬ 
imate  solution  J  "  will  not  rtsc  to  a  current 
distribution  that  is  non/ero  except  on  8’.  This  step 
provides  a  test  for  the  accuracy  and  for  the  con¬ 
vergence  of  the  approximate  solution  by  compar¬ 
ing  the  approximate  J'"'  with  ’[/'''])). 

llDl  Take  '[•/''  ]•]  to  derive  an  irnpro- 

I'l’il  approximation  for  J'". 

til)  Repeat  as  necessary  using,  for  instance,  the 
iniproieJ  J'"  from  Step  10  in  the  iteration  Equa¬ 
tion  (13)  to  generate  the  next  higher-order 
approximation  J  ’'. 

Before  closing  this  section,  we  should  point  out 
that  Galcrkin's  method  applied  in  the  transformed 
domain  also  provides  an  alternate,  and  in  some 
cases  the  more  desirable,  approach  for  deriving  the 
solution  to  the  transformed  integral  equation. 

etc.,  as  well  as  other  suitable  functnms 
may  be  employed  as  a  basis  set  for  this  purpose.  .-Vn 
example  of  the  use  of  the  Galerkin  procedure  in 
the  spectral  domain  approach  mav  be  found  in 
[11]. 

In  the  following  section,  we  show  in  some  detail, 
the  application  of  the  iteration  procedure  just 
described  to  a  two-dimensional  scattering  prob¬ 
lem.  viz.,  the  diifraction  by  a  tinite  screen  or  a  strip. 

.3.  Diffraction  by  a  finite  screen  (strip) 


iral  uppfoiu  k 

equation  in  the  transform  domain  w  ith  the  Ci  l'D  or 
other  high-frequency  solution  as  the  zero-ordei 
approximation  This  iteration  methi'd  not  oiiK 
allows  us  to  improve  on  the  GTD  or  similar  solu¬ 
tions  but  also  provides  a  convenient  means  for 
testing  the  satisfaction  of  the  boundarv  conditions 
I'll  the  surface  of  the  scatterer.  Furthernu're.  the 
methi'd  yields  not  onlv  the  far-tield  but  also  the 
induced  surface-current  distribution,  a  feature  not 
readilv  available  in  some  other  high-frequency 
techniques. 

The  application  of  the  general  procedure 
outlined  in  Section  2  is  illustrated  in  this  section  bv 
using  It  to  solve  the  two-dimensional  problem  of  a 
plane-wave  ditfraction  bv  a  tinite  screen  or  a  strip 
This  problem  was  chosen  for  the  following 
reasons.  It  is  shown  that  when  the  angle  of 
incidence  is  normal  or  nea.  lormal.  the  GTD 
solution  accurately  satisfies  the  boundarv  condi¬ 
tion  E„„  =  l>  on  the  strip  even  when  the  multiple 
interaction  between  the  two  edges  ol  the  strip  is 
neglected.  However,  it  is  found  that  when  the 
angle  of  incidence  is  near  grazing,  the  GTD  solu¬ 
tion  is  quite  unsatisfactorv.  while  the  iterated 
solution  generated  by  the  hvbrid  technique  does 
displav  the  correct  behavior. 

3. 1.  Gei'iMi'trv  of  fhe  strip  prohUm 

The  geometrv  of  the  electromagnetic  scattering 
problem  involving  a  perfectlv  conducting  intinite 
strip  of  zero  thickness  illuminated  by  a  uniform 
plane  wave,  whose  electric  itensitv  vector  is  orien¬ 
ted  parallel  to  the  edges  of  the  strip,  is  depicted  in 
Fig.  1.  For  convenience  of  anaivsis.  an  arbitrarv 
incident  wave  can  always  be  decomposed  into  two 
components  with  respect  to  the  z-axis.  namely. 
TM,  lE-wave)  andTE,  iH-wave).  In  the  following 
discussion  we  consider  the  E-wave  case  only;  the 
H-vvave  case  can  be  solved  in  a  similar  manner  bv 
considering  H'  =  :Ho. 

The  incident  field  is  given  bv 

E',ip.  =  expj-ik-i  V  cos  cS,, -  v  sin  d>,di 

il4) 


In  the  last  section,  we  presented  a  general  itera¬ 
tion  method  for  obtairung  solution  of  the  integral 


where  the  e  time  dependence  is  understi'od. 
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,v  J  Iteration  method  applied  to  the  .strip  problem 

The  mtecral  equation  formulation  [Ih]  for  the 
problem  at  hand  takes  the  form 

-E'i.xi=|  y,i  riGii  -  v'l  d,v'.  A^[-u.ii] 

I  15 1 

where  7,1  v'l  is  the  algebraic  sum  of  the  induced 
surface  current  densities  on  the  top  and  the  bottom 
surfaces  of  the  thin  strip.  The  kernel  C  is  the 
two-dimensional  free-space  Greens  function 
given  bv 

Gi.v  - -v’l  =  liH.i' I  A.  -  .V  I  i!oi 

where  H,,'  is  the  Hankel  function  of  the  first  kind 
ivf  order  zero,  and  k=ln  ,\  is  the  free-space 
propagation  constant.  Note  that  il5i  is  the  con¬ 
ventional  integral  equation  which  equates  the 
integral  representation  of  the  tangential 
component  of  the  scattered  E-tield  radiated  bv  the 
induced  surface  current  densitv  to  the  negative 
of  the  tangential  component  of  the  incident  E- 
lield  on  the  surface  of  the  perfectly  conducting 
scatterer  as  required  bv  the  satisfaction  of  the 
boundary  condition.  Hence.  (15i  is  valid  on  the 
strip  only. 

An  extended  integral  equation  that  is  valid  for 
all  V  can  be  obtained  by  ip  'liiding  the  scattered 
fields  outside  the  strip  as  we  f  the  scattered  held 
on  the  interval  i-x.-ni  is  designated  b\  F,ivi 
and  the  scattered  Held  on  the  interval  ui.  xi  is 
designated  bv  Fpx).  then  the  extended  form  of 
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I  7,1  V  iGi  V  -  A  I  d.v  '  = 

=  -E^i.t  ii*-F;i  vi-F.'i  vi  1 17i 

where  d  is  defined  in  iZi. 

Since  the  Fourier  transform  of  the  induced  sur¬ 
face  current  density  can  be  related  to  the  far  Held. 
(17ms  Fourier  transformed  to  give 

7,(0  lG(a  I  =  [tV( -E i]  -  F|io  1 F:(u  I  (18) 

where  '  indicates  the  Fourier  transform  pair 
deHned  in  i5i  which  simpliHes  in  the  present  one- 
dimensional  problem  to 

Fic»i  =  j  Fi.vie  '"'d.v  il9a) 

and 

Fi.v)  =  — I  Fi«ie"“d<i:.  (19b) 

^  «  X' 

The  Fourier  transform  of  the  two-dimensional 
Green's  function  in  1 18)  takes  the  form 


Note  that  (18)  is  an  algebraic  equation  in  the 
spectral  domain  in  contrast  to  the  convolution 
form  of  the  integral  equation  il'i  in  the  spatial 
domain.  The  reason  for  working  in  the  spectral 
domain  will  become  clear  when  the  method  of 
solution  for  1 18)  is  developed.  Following  the  pro¬ 
cedure  discussed  in  Section  2  and  in  terms  of  the 
notations  introduced  in  the  present  problem,  we 
proceed  as  follows. 

(1)  Obtain  7,"(<»).  the  initial  approximation 
of  the  Fourier  transform  of  the  induced  surface 
current  densitv.  or  equivalently,  the  scattered 
tar  held  within  a  known  multiplicative  factor, 
as  follows: 

( 1. 1 1  Find  the  expressions  for  the  Hrst  estimate 
of  F'l"  Id  )-“F:"'id  (.  Note  that  GTD  may 
be  used  to  get  ckvsed-form  expressivsns  for 
Fi  'd'  and  F;'  'idi  since  these  can  be 
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hti:  2  Tranvtoim  s'l  h\>  \  '  ejn  he  .ipproximaied  h\  the  tiTD 
ii>  ihe  hJif  pJane  proNem  4*  %h4"»n  I'ti  ihe  lelt  h»uul 
Mde.  transform  s'l  h'y\‘  can  he  .ipproxtnuued  h>  the 
Nolution  to  the  half -piane  problem  •  h  vhoxfcn  on  the  nuhl  hand 

Mife 

il  2i  Solse  tv>r  the  initial  approximation  of 
y,l.i  I.  /."'in  I.  b\  numerieallv  eartxineoiit 
the  operations  shown  below 

/',"  Ul  I  => 

-rl-  [ - - 1> 

I -I  I’se  I  l.'i  to  further  improse  the  solution  as 
neeessarx 

The  eheek  for  satisfaetion  of  the  integral  eijua- 
non  ean  be  applied  \er\  simpK  b\  computing 
yioiCno'.  taking  its  inserse  F'ourier  transform, 
and  \erif\ins  hi'w  well  it  approaehes  F'  on  the 
surface  of  the  seatterer 


.Vormiji  (Mi'.'ifi'Mi  i’ 

bic  shows  the  ealeulated  indueed  suifaee  cur¬ 
rent  densitv  distributu'ii  on  the  strip  with  sii  » -I 
il  ,vX  widei  for  nv’rmal  incidence  Ni'ie  that  the 
current  densitv  becomes  laice  at  the  cilees.  as  it 
should  for  F-wave  incidence,  althoucli  no  speciiie 
condition  was  enforced  at  the  edees,  lu'i  anv  spe 
cial  care  exercised.  Note  also  that  the  appioximate 
cun  cut  IS  confined  essentiallv  v'li  the  surface  of  the 
strip  and  extends  verv  little  outside  I'f  this  suifaso 
Thus,  the  solution  in  this  case  is  veiv  close  to  the 
true  solution  ami  this  is  easilv  verilied  b\  truncat- 
inii  the  current  densitv.  eomputine  the  scattered 
held  It  ladiates  on  the  strip,  and  verifvins  that  the 
scattered  held  is  indeed  verv  neailv  esiual  is'  I  ' 

l'ii:.  4  depicts  the  result  tor  iu  4t',  i  e  a  l.^.x 
strip  Note  that  the  peak  in  the  centei  is  lu'  K'ltiter 
present  and  the  current  there  approaches  that 
Siven  bv  the  phv steal  optics  appu'ximatu'n  Vheie 


INDUCED  CURRENT  (AMP/M) 
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Fig.  4  Magnitude  of  the  induced  surface  current  density  dis¬ 
tribution  normalized  to  ii/(Z.>r'  on  the  strip  of  ka^AO. 
1 12.73X  wide),  do*  W. 
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Fig.  5.  Moment  method  [applied  in  the  spectral  domain)  solu¬ 
tion  of  the  magnitude  of  the  induced  surface  current  density 
distribution  normalized  to  l/Znon  the  strip  of  ka  >  50.  (15.92X 
wide),  do.  ”  90“ 


are  now  more  oscillations,  however,  and  the  cur¬ 
rent  density  has  a  sharp  dip  before  rising  to  infinity 
at  the  edges. 

Fig.  5  displays  the  moment  method  applied  in 
the  spectral  domain  solution  [18]  and  the 
comparison  with  the  one  obtained  here  is  quite 
favorable. 

Fig.  6  exhibits  the  satisfaction  of  the  boundary 
condition  after  one  iteration.  As  mentioned 
before,  such  a  test  is  not  available  in  the  con¬ 
ventional  GTD  approach. 
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Fig.  6.  Magnitude  of  the  scattered  E-heid  evaluated  on  the  strip 
of  ka  *40,  <^0*90“  lone  iteration!. 


Near  grazing  incidence 

Let  us  next  turn  to  the  interesting  case  of  a  near 
grazing  incidence  where  the  zero-order  current 
density  has  a  long  tail  extending  beyond  the  edge 
of  the  strip  (see  Fig.  7).  This  result  is  to  be  expected 
since  the  two  half-plane  GTD  solutions  used  in  the 
zero-order  approximation  represent  a  poor 
approximation  for  the  induced  current  for  shallow 
incidence  angles.  If  this  tail  is  truncated,  the 


R  Minra.  W  L  Ko.  V  Ruhmat-Sumtt  Electromagn^tit:  scaMnng  b\  spectral  domain  approach 


103 


s 

o 


X  o 


remaining  portion  of  the  current  densitv  on  the 
strip  produces  a  scattered  field  on  the  surface  of 
the  strip  which  is  significantly  different  from 
where  £'  =  1,  as  may  be  seen  from  Fig.  8. 

Fig.  9  shows  the  effect  of  one  iteration  on  the 
zero-order  GTD  solution  shown  in  Fig.  7.  N'oie 
that  the  current  density  is  significantly  altered  in 
the  neighborhood  of  the  shadowed  edge  demon¬ 
strating  the  fact  that  even  with  a  relatively  poor 
initial  guess,  the  convergence  is  quite  rapid  in  this 
case. 
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Fig.  7  Magnitude  of  the  induced  surface  current  density  dis¬ 
tribution  normalired  to  itiZ„i''  on  the  strip  of  lia»4tl. 
<3,1  •  10'  I  no  Iteration  I 


A';. 

r,  '• 


O 

O 


-255  -102 


-.09 


-0  36  0  36 

x 


I  09 


32  2  55 


Fig.  9  Magnitude  of  the  induced  surface  current  density  dis¬ 
tribution  normalized  to  and  truncated  on  the  strip  of 

ka  “  40.  i3„  =  10'  lone  iteraiiom 
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Fig.  8.  Magnitude  of  the  scattered  E-lield  evaluated  on  the  strip 
of  ka  ”40.  i3i)-  10°  (no  iterationl. 


To  see  that  this  is  indeed  an  improved  solution, 
the  truncated  portion  of  it  is  used  to  calculate  the 
scattered  field.  It  is  observed  that  the  satisfaction 
of  the  boundary  condition  has  been  improved  as 
shown  in  Fig.  10. 

To  verify  the  convergence  of  the  solution 
numerically,  one  more  iteration  is  performed  and 
the  result  is  depicted  in  Fig.  1 1 .  Note  that  the  shape 
of  the  surface  current  density  does  not  change 
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Fig  10.  Magnitude  of  the  scattered  E-Held  evaluated  on  the 
strip  of  ka  »  40.  <^o  *  11^*  'one  itcrationi 
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Fig.  1 1  .Vlagniiude  of  the  induced  surface  current  densits 
distribution  normalized  to  liiZ.ir'  on  the  strip  of  ka  »40, 
<4„  “  10°  (two  iterations!. 


much  which  indicates  a  settling  down  of  the  solu¬ 
tion  has  occurred.  Also,  note  that  the  tail  extend¬ 
ing  outside  of  the  strip  has  been  reduced  to  an 
insigniticant  quantity,  which,  when  truncated,  will 
produce  little  effect  on  the  scattered  field  on  the 
surface  of  the  strip. 

To  further  validate  the  solution,  the  moment 
method  solution  [18]  of  the  same  problem  with 
slightly  different  parameters  is  shown  in  Fig.  12  for 
a  comparison.  Again,  the  agreement  is  good. 
However,  in  terms  of  computational  efficiency,  the 
present  method  is  far  superior  to  the  moment- 
method  solution  for  the  accuracy  realized. 
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Fig.  IZ.  .Moment  method  'applied  in  the  spectral  domain' 
solution  of  the  magnitude  of  the  induced  surface  current  densits 
distribution  normalized  to  1  Z.ion  the  stripof  iiia  =  .'0.  d>ii  =  5° 

J.4.  Summary 

Before  closing  this  section,  it  is  worthwhile  to 
recapitulate  the  main  points  of  the  approach  dis¬ 
cussed.  The  finite  screen  tstnpi  problem  has  been 
solved  by  a  combination  of  the  integral-equation 
and  asymptotic  high-frequency  techniques. 
Formulation  of  the  integral  equation  in  the  Fourier 
transform  domain  allows  one  to  conveniently 
obtain  the  zero-order  approximation  to  the  trans¬ 
formed  unknown  surface  current  density  from  the 
solution  of  two  half-plane  problems. 
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Highcr-ordcr  solutions  hast  been  obtained  via 
the  Iteration  steps  outlined  above  and  the  numeri- 
eal  evvnvetgence  has  been  demonstrated  The 
Iteration  process  generates  the  proper  edge 
singularities  even  when  thev  are  ni>i  present  in  the 
original  approximation,  eg,  phvsieal  optics. 
However,  additional  iterations  are  necessarv  in 
that  case  V'aliditv  of  the  solution  has  been  sub¬ 
stantiated  by  numericallv  verilving  the  satisfaction 
of  the  boundary  condition  to  within  a  cli'se 
tolerance 

4.  Concluding  remarks 

In  addition  to  the  finite  screen  problem  dis¬ 
cussed  here,  the  spectral  domain  approach  has 
been  found  useful  for  other  electromagnetic  scat¬ 
tering  and  radiation  problems  of  considerable 
interest  [10,  11.  19.  2tl).  It  has  been  applied  to  the 
problems  of  electromagnetic  scattering  by  rectan¬ 
gular  [19]  and  cylindrical  rods  [11].  a  finite  plate 
[111],  a  cylindrical  shell  [20],  etc.  The  spectral 
domain  procedure  for  testing  the  accuracy  of  high- 
frequency  solutions  also  has  been  applied  to  a 
number  of  problems  of  practical  interest.  One  such 
example  is  the  canonical  problem  of  a  corner  in  a 
thin  plate  for  which  an  asymptotic  solution  was 
recently  derived  by  .Albertsen  [21],  using  a  mul¬ 
tiple  Wiener-Hopf  procedure.  Testing  his  solution 
for  the  satisfaction  of  the  boundary  condition  that 
the  tangential  electric  field  be  zero  on  the  plate, 
one  finds  that  the  solution  satishes  the  boundary 
condition  only  approximately  and  contains  some 
extraneous  infinities  that  must  be  removed.  Even 
so,  the  solution  in  its  original  form  represents  a 
good  starting  point  for  deriving  iterated  solutions 
for  the  quarter-plane  problem.  Both  the  surface 
current  and  the  far-fields  can  be  improved  via  the 
spectral-domain  approach. 

.•\s  another  example,  we  quote  the  problem  of 
constructing  the  Green  s  function  for  a  magnetic 
dipole  radiating  in  the  presence  of  a  smooth  curved 
surface,  e.g..  a  cylinder  or  a  cone.  The  con¬ 
ventional  GTD  solution  derived  from  applying 


Watson  transformation  to  the  miidal  series  solu¬ 
tion  for  the  cylinder  breaks  dow  n  when  the  point  of 
observation  is  close  to  the  axial  direction  of  the 
cylinder  This  is  because  the  effective  wave 
number  for  propagation  along  the  axis  approaches 
zero,  whereas  the  asymptotic  solution  requires 
that  the  wave  number  times  the  radius  of  the 
cylinder  be  large.  Several  different  asymptotic 
solutions  based  on  the  modilicatum  of  Fock  s 
solution  for  the  sphere  problem  hav  e  recently  been 
presented  for  the  axial  region  by  a  number  of 
authors.  Ihe  spectral  domain  approach  has  been 
found  useful  not  only  for  testing  the  relative 
accuracy  of  these  solutions,  but  for  iteratively 
improving  them  as  well  [13]. 
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Penetration  of  an  EM  Wave  into  a  Cylindrical  Ca\'ity 
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This  [Mper  iddresufs  the  problem  ot  .-omputing  the  current  induced  in  a  thin  wire  located 
inside  a  cylindncal  cavity  with  a  circuml'erential  slot  when  the  cavity  is  illuminated  by  an  inci¬ 
dent  plane  wave.  The  calculation  is  carried  out  in  two  steps.  First,  the  problem  of  penetration 
of  the  incident  held  into  the  cavity  is  solves!  by  the  methsxl  of  momenta  under  the  assumption 
that  the  presence  of  the  wire  inside  the  cavity  creatsts  little  or  no  perturbation  of  the  interior 
held.  Next,  the  induces!  current  on  the  wire  is  calculated  by  the  following  two  methosls;  (i)  use 
of  a  simple  .tnalvtical  formula  derived  from  the  application  of  the  Wiener-Hopf  techniques  to 
the  timte  ware  problem;  liii  numerical  solution  of  an  mtsrgral  equation.  E.xtensive  numerical 
results  for  the  induced  current  are  preseniesi.  It  is  found  that  the  current  is  sensitive  to  the 
'•vlinder  radius,  the  cavity  height,  the  frequency  'f  excitation,  and  the  wire  location,  but  is  rela¬ 
tively  less  sensitive  to  the  vanation  in  the  slot  length.  In  addition,  the  induced  current  on  a  wire 
inside  the  cavnv  can  be  much  larger  than  its  v-ounterpart  is  free  space  illuminates!  by  the  same 
incident  plane  wave  at  frequencists  where  the  cavity  is  near  resonance. 

EInkupplunx  elner  E>l-\Vrlle  in  elnen  zylindrisehen  Resonator 
und  iodniierter  Mrom  aut  elnem  I>r*bl  Im  Inneren 

Der  btrom  wird  herechnet.  der  in  einem  diinnen  Draht  innerhalb  ernes  zylindrisehen  Hohl- 
raumresonators  durch  einen  Uml'angsschlitz  induziert  wird.  wenn  eine  ebene  Welle  einfallt, 
und  zwar  in  zwei  Schntten-.  Zuerst  wird  tnit  der  Momentenmethode  und  der  .knnahme.  daS 
der  Draht  im  Resonator  das  innere  Feld  nicht  oder  nur  wenig  stdrt.  herechnet,  wie  das  einfullende 
Fell!  in  den  Resonator  einslringt.  Dann  word  der  im  Draht  induzierte  Strom  mit  den  folgenden 
beiden  Verlahren  ermittelt:  1.  Durch  Anwendung  der  Wiener-Hopf-.Methode  auf  das  Problem 
dea  endlichen  Drahtes  wird  eine  einfacbe  analytische  Formel  abgeleitet.  2.  Eine  Integraigleichung 
wird  numensch  izels^st.  Aus  den  umfanizreichen  nuraerischen  Ergebnissen  ergibt  sich.  dafl  der 
induzierte  Strom  von  Zylinderraslius.  Reaonatorhsihe.  Lage  des  Drahtes  und  der  Frequenz 
starker  abhangt  und  weniger  von  der  Schlitzlange.  .\uflerdem  kann  der  von  der  gleichen  ebenen 
Welle  im  Draht  induzierte  Strom  innerhalb  ties  Resonators  bei  seinen  Resonanzfrequenzen 
viei  gnifler  sein  als  im  gleichen  Draht  ohne  Resonator. 


1.  Introduction 

The  penetration  of  an  electromagnetic  wave 
through  an  aperture  into  a  cylindrical  structure 
is  of  current  interest  becau.se  of  its  application 
to  EMP,  to  EMC.  and  to  biological  studies.  As  early 
a.s  1949.  Sommerfeld  [1]  studied  the  problem  of 
an  infinitely  long  circular  cylinder  with  a  longitu¬ 
dinal  slot,  illuminated  by  a  normally  incident 
plane  wave.  L’sing  a  Fourier  analysis  approach. 
Sommerfeld  reduced  the  problem  tc  a  system  of 
infinitely  many  linear  equations,  but  declared 
resignetlly,  "We  can  do  practically  nothing  with 
the  problem.”  Silver  and  Saunders  [2]  used  the 
addle-point  integration  method  for  the  inversion 
of  Fourier  transforms  and  extracted  the  far  field 
of  Sommerfeld's  problem.  Hitherto,  a  number  of 
extensions  along  thw  line  of  work  have  been 
reported  [3],  [4].  With  the  advent  of  high-.speed 
digital  computers.  Sommerfeld’s  penetration  prob¬ 
lem  can  now  be  readily  solved  by  numerical  means 
[3],  [6],  The  3-dimensional  version  of  Sommer- 
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feld's  problem  was  recently  carried  out  by  Safavi- 
Xaini,  Lee  and  Mittra  [7],  [Sj. 

In  the  present  paper,  an  extension  of  the  penetra¬ 
tion  problem  of  Safavi-Xalni  et  al.  is  investigated, 
in  which  a  thin  wire  is  added  inside  the  cavity 
and  the  problem  is  to  determine  the  current 
induced  on  the  wire.  The  wire  is  oriented  parallel 
to  the  longitudinal  direction  of  the  cylindrical 
cavity.  If  the  slot  in  the  cavity  wall  is  also  longitu¬ 
dinal.  there  is  little  induced  current  on  the  wire. 
Hence  we  concentrate  on  the  more  interesting  case, 
namely,  the  slot  which  is  circumferential  on  the 
cylindrical  cavity  wall.  The  composite  geometiy 
of  the  present  problem  is  sketched  in  Fig.  1. 

Due  to  the  thinness  of  the  wire,  it  appears  reason¬ 
able  to  assume  that  the  presence  of  the  wire  does 
not  perturb  the  field  generated  inside  the  cavity. 
Thus,  the  problem  under  consideration  can  be 
.solved  in  two  steps: 

(A)  Determine  the  field  £  inside  the  cavity  as  if 
the  wire  were  absent. 

(B)  LTsing  £  as  an  incident  field,  determine  the 
induced  current  /  (;1  a-s  if  the  wire  were  situa- 
ted  in  the  free  space. 

We  emphasize  that  the  above  two-.->tep  approach 
is  an  approximation.  The  exact  degree  of  approxi- 
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Thf  ODiivtants  in  »m|.  (ti)  art*  utiknowii  <(Uiin- 
titifs,  aiul  liy  i-iiforcinK  the  coiulition.^  that 
!»•  zero  oil  the  eyliinlrii-al  «all  aiai  fi|nal  to  E^ 
on  the  a|HTture,  the\  can  la*  evaluaterl  in  term-^ 
of  A’a.  the  expansion  ei»-f'Kcients  of  E^  jtiven  in 
ei),  (H).  First,  we  evaluate  Ez  (refemntz  to  etp  15)) 
at  o  —  a  to  obtain 

1  "  .  . 

!i  I'/S'-lmn-Imly/iUleos  HIPPOS*,,;  = 
jeiiif  ,-i) 

=  i.U6.  z)  EizCoh  I  li I  g  r:.  I  c  I  ^  A  (9) 

s-o 

where  ij  is  the  charaeteristic  function  of  the  aper¬ 
ture  : 

1 1  for  1 1 1  g  rf , 

f,>(<4.:)=  '  '  .  '  '  (10) 

10  otherwi.se. 

We  reco^tnize  that  eq.  (9)  is  a  standard  Fourier- 
Bessel  .series  with  unresolved  coefticients 
Hence.  .-I  „„  are  deterniinetl  hv  standard  procedures 


with  the  results 


-I; 


2  for  m  =  0 
for  m  =  0 . 


1” 

^  .I„(l:p)  cos  . 

wi  —  o 

The  field  components  of  'f'l  are  given  in  eq.  (2). 
The  second  wave  function  'V^  repre.sents  the  re- 
Hectetl  wave  when  the  aperture  is  closed  by  a  per¬ 
fect  conductor;  it  a.ssumes  the  form 

(13) 

j"  (  Jmika)  1  .  , 


(12) 


i  O  oo 

V'r  =  ’*  **  V 


=  1 


ki  for  ik2<x2. 


(15) 


To  determine  F, 
to  obtain 


we  first  evaluate  A’,*  at  o  —  a 


^  cos /«  d  I  y-A’,„(a)  H';*(ya)el’'^dz  = 

,„_i)  _  oo 

ee 

=  f2(<i.  ;)  ^  A’^cos /’^d;  |:|5oo.  (10) 

S-O 

Then,  we  multiply  lioth  sides  of  the  equation  above 

by  cos  nii>.  ii  =0,  1.2, _ and  after  that,  integrate 

the  equation  over  the  entire  domain  of  interest. 
By  invoking  the  orthogonal  properties  of  cosnd, 
F„  are  determined  in  terms  of  E/z : 

j2iu|zf cosmiAusinarf  "  (— !)"/"« 

‘  s)  ~  •»  ijf^W  \  r^*»  •>  » 

CrnT.-xy-W-^ya)  ^.o  I -  m- 


ni  =0.  1.2. 


(IT) 


(11) 


,  _  j4(u,ufco,smdf)sinx„d 

-1  win  —  -  'll,',  _  n"  ■>  ’ 

finfn~Xn'/;  Ad„(y„a)  J-,—  ’"- 

m.  n  =  0.  1.  2.  ... 

in  which  Sm  is  the  Neumann  numlier.  defined  bv 


In  the  region  e.xteriot  to  the  cylindrical  structure, 
the  .svTnmetry  of  the  configuration  again  leads  to 
a  TM  field  with  respect  to  z.  Thus,  the  exterior  field 
is  al.so  deteniiined  via  a  ;-directed  magnetic  vector 
potential  .T  =  'Pz.  For  reasons  w  hich  will  be  obvious 
later,  P  i.s  partitioned  into  three  wave  functions: 
'P=  —  P'  -  P’.  The  first  of  these  '/'*  represents 

the  incident  plane  wave;  it  is  independent  of  a 
and  is  given  bv 


With  A„„  and  F„,  defined  by  eqs.  (11)  and  (17), 
the  requirement  that  the  tangential  electric  field 
be  continuous  across  the  aperture  is  automatically 
.satisfied.  However,  these  definitions,  of  them.selves. 
do  not  ensure  the  continuity  of  the  tangential 
magnetic  field  across  the  ajx-rture.  To  enforce  the 
continuity  of  the  magnetic  field,  we  proceed  as 
follows:  In  the  region  exterior  to  the  cylinder, 
the  three  partial  magnetic  fields  Af^,  Z/^,  and 
(Hg  is  immaterial)  corresponding  respectively  to 
the  three  wave  functions  defined  in  eqs.  (12)  through 
(14)  are 

2  k  i  ™ 

//!j  =  .  -  N  J”„(i-o) cos  to<4 , 

]0Jfi  „-o  fm  '  (18) 

//;=  “  J’'"  '  i' 


OO  im  f 

--  -  V  J  .  _ 

jto.M  ,„“o  fm  [  H';’(A-a) 

—  1 


H''*'(I-o)  cos  III  6 . 


(19) 


—  Z  ®t>s  m<b  J  yFm(x}  H',;’'(>'o)ei*^dx . 

^  fn  -•  0  — *0© 

Inside  the  cavity  is  given  by 
—  1 

—  ^^ynA^„Ji„{y„o)cosm(icosxnZ. 

ft  m.  n  -  U 

Hence,  the  desired  continuity  of  the  tangential 
magnetic  field  across  the  aperture  now  reads 

2it 


to  w*  —  0  T  m 

where  HJ;*  are  the  mth  order  Hankel  functions 
of  the  second  kind.  The  third  wave  function 
corresponds  to  the  field  produced  by  the  equivalent 
magnetic  current.  In  contra.st  to  both  and  P', 
'P*  depends  on  a  and  Ls  represented  by  a  continuous 
spectnim  of  cylindrical  waves: 

'P*  —  3  "“i  J  ^’»i(3t)  H',;’(yo)eJ“*da,  (14) 

m  — 0  -oo 

where  F „  are  unknown  functions,  and 
[  P  —  a*  for  k^  ^  X- 


^  V  J” 

j  0)  U  m— 0  f  m 
1 


cos  m6  — 


—  ^  cos  w  (A  I  y  F „(a)  H;j’'{ya)el»^da  = 

m**0  -oo 

1 

=  —  3  2y»-'iwiaJ;,(yna)cos  wdeosx,:; 

|<A|S^,  \z\^d. 

The  above  equation  can  be  simplified  by  recognizing 
that  the  term  in  the  bracket  on  the  LH.S  is  the 
Wronskian  of  Bessel  functions: 
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By  substituting  the  above  result  into  eq.  (20). 
it  liecomes 
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wlim  the  ttiif  i-i  ()t’  tin*  urdi-r  dC  M-vcral 
\vnvfU'm:th<.  An  ailernativi'  mcthiHl  that  is  suital)l<' 
lor  lonu  uiri's  is  to  ust*  tin*  simple  approxitnation 
formula  ilfveloinai  rt'ifiitly  hy  Chaiijf,  Lt'»>  ami 
Kispin  [11],  [1-1  The  tcclumpifs  used  to  derive 
this  simple  formula  an'  briefly  deserihed  helo«  : 

I.  I’sirijr  a  Wieuer-Hopf  method,  the  retleetioii 
eia'ftieieiit  from  the  end  of  a  semi-infinite  wire 
illuminateil  hy  a  plane  wave  of  unit  amplitude 
is  determme<l. 

By  eon.sjiicrinit  the  multiple  hounees  of  the  cur¬ 
rent  waves,  tile  current  induced  on  a  wire  of 
finite  leni’th  can  Ih‘  expn-s.sial  in  terms  of  two 
Xeumann  .scries  involvinjt  the  just  mentioned 
reflection  ciH-fticient.  The  series  are  tlien  summeii 
up  into  a  closrat  form  to  iiivc  the  desirerl  approxi¬ 
mation  formula. 


J  =-  IH0„  .  -Jh,,)  -  /i(0„  .  h,„  r  :’) .  Clli) 

^  V{0„.h„)  «(r.  ■2h.,)  r{-2h,,}  - 

I  -  I /n- 

A  .  2hu.)  I  (TT  —  Oft '  Am-) 

•r(2M|- 

Attain,  the  total  indiieed  current  is  ohtained  hy 
suiM‘rimposin)t  all  /[,■’.  As  is  illustrated  in  Ki)i.  2. 


'  \  - 


Kilt.  2.  .\  Hiiite  lentitli  cyliniler  ilhiiiiiiiatisl  hy  an  im-uhTit 
plane  wave  at  an  oblicpie  anale. 


- 


CW) 


The  induceil  current  due  ti>  each  com[)onent  of  the 
plane-wave  spectrum  is  denoted  hy  and  is 
(tiven  hv 

—  .1  (tt  —  dn  ■  Am-  —  i  )  I  (^a  -  Aa-lj  f  (Am-  —  -  ) 

fii~.hu  ~z')  (;)1) 

Rir..2hu) 

"s-  .  1  {0 ri ,  Am-  —  -  )  I  (t:  —  i)n  •  AM-)j  f  (Aim  —  C  )  — 

-  r(0a.c'). 

where  cn.  In  the  above  formula.  I’  repre¬ 

sents  the  current  inducetl  on  an  infinitely  long 
cylinder  by  a  unit  plane  wave: 

j4:T  «p(  — jtcos(9„:') 
ri  sin  9,  B' 

in  which  B'  stands  for 

B' =  —  j;T.Io(Au«i-'*in9a)  Hl,''(I-a,Msine„) .  (.'13) 

whent  Jo  and  H[,*’  are.  res|)ectively.  the  zeroth- 
ortler  Be.tsel  function  of  the  first  kind  and  the 
Hankel  function  of  the  second  kind,  and  a,r  is  the 
radius  of  the  cylinder.  The  universal  function  f/ 
in  the  simple  formula  n-pn>.sents  the  current  on  an 
infinitely  long  center-fed  antenna  generated  hy 
a  unit  voltage  impulse.  For  a  thin-wire  antenna 
and  for  a  sufficiently  large  t:.  f  can  1m>  accurately 
approximatt-d  by 

rizl=  exp(-jfc|i'|) 

tj  ln(2A-(2'|)  -  jT/2  -  21n(ivi,M)  -  y  ' 

where  y  =  0. 37712  ...  is  the  Euler’s  constant.  The 
reflection  ein-fficient  R  in  eq.  (31)  is  defined  hy 

R{e,z)=  (35) 


ill  ^ 

ln^il-au,sin 


-  el''* 

j  •>  ^  o  A’lljfo) 


where 


I'o  =  A  i'  ( 1  —  cos  0,) , 


the  electric  field  of  the  incident  plane  wave  is  in 
the  0-directit'n  and  has  an  amplitude  /„sinh„- 
Therefore.  /  is  related  to  /[■’  by 


l{~\  —  1  fniij-  <h) 


eo 

sin  On 


(3S) 


where  o  is  evaluated  at  the  location  of  the  wire. 

-V  can'ful  .scrutiny  of  tlie  tecliniipies  in  deriving 
both  /[,'•  and  /[[■’  reveals  that  the  two  methods 
apply  only  if  the  incident  plane  wave  is  hoimige- 
neous,  i.e..  COS' 0„  ^  1  or  real  ineident  angle  0„. 
In  the  present  problem,  however,  the  field  £  inside 
the  cavity  consists  of  both  homogeneous  and  in¬ 
homogeneous  components.  Hence,  both  methods 
have  to  be  extended  by  aiuilvtical  continuation 
to  cover  the  ca.se  of  an  incident  inhomogem-ous 
plane  wave. 

L*>t  us  first  consider  /*,'*  which  is  obtained  by 
.solving  eip  (29),  Xotc  that  e<).  (29)  is  develoja-d 
by  equating  the  axial  component  of  the  electric 
field  dn  the  wire  and  that  of  tlie  incident  field. 
The  tangential  comjionent  of  the  ineident  electric 
field  is  /,exp(  ~  j  t  cos  0„;)  which  remains  valid 
even  in  the  case  when  cos-  0,>  1.  Thus  no  modi¬ 
fication  is  necessary  here,  although  allowances 
in  the  actual  computer  programming  mu.st  !«'  made 
to  accommodate  tlie  rapidly  oscillating  nnture  of 
exp(~  j/fccos0,:)  when  cos  0,  is  large. 

Next,  we  have  to  extend  the  formula  of  /[[-' 
in  eq.  (31).  In  the  ca.se  of  an  inhomogeneous  plane 
wave,  sin  On  is  pure  imaginary,  and  may  lie  calcu¬ 
lated  from 

sin  0B  =  ±  j  1 1  cos-  On  —  1 1  :  On  >  1  ■  (39) 

The  ((uostion  is  then:  "W'hieh  sign  in  eq.  (39) 
should  lie  usihI  in  the  calculation  ?"  Consider  an 
inhomogeneous  plane  wave  propagating  in  the 
X.  z  plane : 

=  exp[  — jlqxsin  0,  —  ccosO,));  (40) 
cos-  0,  >  1  . 


and  £i  is  the  exponential  integral.  Finally,  .1  and  r  In  order  to  .satisfy  the  radiation  condition,  the 
are.  re.spectively,  shorthand  notations  for  field  must  decay  (instead  of  grow)  ex|Hinentinlly 
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wliiTf  III  iiiiil  Kii  iirf,  n‘s|i<'i‘tivi‘lv.  tin*  zi-nilli  nnliT 
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M  llrri'  A,  sliiiiili)  Im'  lili'iilly  /iTii  .\|sii  sIliiMIl  III 
I’li:  4  Is  A,,  111  iiiiiiits  just  lii'lnnil  tlu'  iiiK'itiiri', 
on  tl'.m.A  I'lif  vnnatliiiis  nf  H.  »it|i  ri's|ii'i't  in 
C  111  o  il  (I.  (•  '■l  Hill)  I)  S  HIV  slii'ti'lii'il  III  l''li: 

As  H  t'liiirtinii  nl'  ili'i'ri'iisiiit'  (o  ii).  A'j  ili'i  ri'iisi's 
rH|>ii)l\  liniii  Its  viiliii'  ill  till'  ii|H'i't ini',  uliilo  it 

1111'rt'H.si‘s  Hi  III!  t'vi'ii  IH'SIit  mil'  trniii  zom  mi  ilio 
riivity  uhII  liiviiiril  llu'  I'viili'r  nt  tlii'  onvilt .  I'lii'si' 

ti'Hlurcs  nil'  illiisliHli'il  III  )'’iij  Ii  ulu'iv  A's  Is  |ilnttis) 
H.s  a  I'liiirtinii  Ilf  II  Hi  :  =  1)  iiiii)  z  h  =  ll  O. 
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Kill.  4.  K,  iiisiili'  iln>  iiivitv  IIS  II  tilin', 
linn  of  i)i  with  p  o  ns  it  [mriitiii'tiT. 


liHriiiiii'tor.  Tile  iieoiiietrii'iil  (mriiiiieteni  ^  Hismietrii'iil  fiiiriiiiielers  lire;  o 


are:  n  —  0.;i  4.  i'  - 
h  —  II  1)4. 


||.;I4.  i/ ^  11.111.^4. 


ii.;i  4.  I'-ii.a/.  ii  II.IIIA4.  A 
lVli4.  Ai  «  I; 

1 

—  •  —  i  A',  ISIS  /’,  lA , 

s-ll 

.  »  II  —  l.ll  (eii.iJAll, 

- pH*"  n.ll.A  (eq.  (2.il). 


Kill.  'i.  A’x  iiisiile  ilie  I'Hiilv  as  .1  Itiiii' 
non  of  r  mill  p  ii  as  .i  iviraiiieier 
'VUe  nisiiiieirii'iii  parniiielers  are  i 

ii  ;i  4, 1'  -  II.;;  4.  .f  -  n  iii.'i  ,t.  a  -  n  n  4. 
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4.  Nunipriral  ne<tii)t.>i  niu)  ni.soiiMsioii 

In  ili'teriiiiiiiiui  tlie  tielil  insiiio  tin-  lavity  with 
tile  wire  iiliseiit.  tile  sene.s  reiiresentiitimi  of  tlie 
H|H'rttire  rieli)  in  eij.  (,'))  is  truiu'iitei)  at  n  =»  .V 

(the  series  eontain.s  .V  i- )  terms).  We  must  tirst  nt- '*■  A,  iiisiiie  tin- 
estalilish  the  ennverKenee  of  the  ajn'r) tire  tiehi  w  ith 
res{H'et  to  .V  The  ajiertim'  Hehls  as  ealeiilat.il  witli  ',«ir«m'e,er. Vl,e|^v' 
A  =0.1.  Hill)  L>  HIV  slum  il  III  tv.:).  We  notiee  iiielr.ial  iwraiiieters 

tliat  the  apiTttir*’  fielils  as  eompiiteii  liy  A' =  1  are-,  h  =  o.:i  4. » 

am)  that  hy  A' =  2  a^tret*  n'a.sonahly  at  the  main  ".'14.  ■/  =  0.01.14, 

lolie  liut  not  .so  well  at  tlie  siiie  lolie.  For  inaiiv  *  =0.1)  4. 

praetieal  oases,  tlie  tlir«H‘-term  exjiaiisioii  A’ =  2 
is  generally  sulfioiently  aeeiirate  for  oomputiti|{  the  I’art  1)  of  the  ] 
a|H’rtiir*i  Held.  iiiiiiioiHl  on  the  wi 

An  indioation  of  the  aeeiiraev  of  the  Held  ^  in  previous  sivtii 
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IS  nonerally  sulhoiently  aeeiirate  tor  eomputitifE  the  I’art  »  of  the  protilem  is  to  eonipiite  the  eiirrent 
a|H'rtiir*i  tipld.  indiieiHl  on  the  wirv  inside  the  eavity  .\s  meiitioiusl 

An  indioation  of  tlie  aeeiiraey  of  the  Held  ^  in  previous  si'etions.  tlie  simple  foriiiiila  ilevelo|Hsl 

inside  the  eavity  is  liow  well  £  satisHes  the  Ixiiind-  hy  ('han^r,  Iss-  and  Kispiii  |S|  must  Iv  evteiulisl 

ary  eondition  on  the  eavity  wall  (iiieludinn  the  to  I'onijiiite  the  eiirrmit  on  a  tinite  wire  due  to  an 

ajierture).  In  Kijt.  4,  f,,  as  eoinpiited  (rom  eij.  (20)  ineident  itilionioiieiUMiis  plane  wave  Siiuv  the 

is  plottis)  as  a  tnnetion  ol  <^.  In  the  a|H'rtiir««  de-  niethoil  of  monients  does  not  reniiire  any  iiuhIiH- 

Hmsl  hy  I  (4 1  5, 57. 20'’,  the  eaieiilated  A',  agrtvs  eation  for  liandlini;  the  ea.se  of  an  inhonii<i;enis<iis 

exln-mely  well  with  the  two-term  exjniiision  of  ineident  wave,  it  provides  11s  a  veriHeation  of  the 

the  aiiertiin'  Held  ealenlatisl  from  eip  (D).  It  drops  extended  simple  formula.  I'lie  I'omiiarisoii  of  the 
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uiilui'iil  <iirn'iit>  <m  »  «in'  ill  fru  v/xirr  iliii-  In 
It  |iliiiii‘  ttiivi'  ol'  unit  -tri-iictli  It.'  ('<iiii|iilli'<l  liv  lintli 
liictlimis  Is  illiistriltitl  III  I'li;  7.  m  l  ««•  iinlicf 
tli.it  till'  icsiills  .irr  III  rfii.soimlili-  iitivtiiiiiit .  Xnvt. 
«i>  limy  iii>i>ly  tliL'  I'Xti'iuiml  I'oriiiiilii  to  (suiiniito 
till-  iiiiliKvil  i-iirroiit  on  n  \iirt>  nisidi'  tli«‘  oavity 
In  Kilt  H.  till'  ^•ll^r^■nt  im  I'liU'iilntt'il  liy  tiu'  sini|ili' 
t'orniiilii  IS  <H>iii|>iirisl  »iili  timt  olituiiusl  liy  tlio 
nii'tliiMl  ot'  nioiiu'iits  .\yiiin.  tlio  iiiiis't'iiiiMit  l«‘ 
tint'll  till'  two  ri'slllts  I.S  ll('lt'|ltllllll'.  it  sllolllll  It' 
notiti  tImt  till'  I'lirn'iit  iiisulr  tho  riivity  is  nortiml 
i/.itl  iiitli  r»'s|t'i't  to  till'  it'iitor  I'lirri'iit  on  n  ivin' 
ot'  till'  siimi'  li'iiittli  III  t'ri'i'  sjmit'  .'sinit'  lln'  I'oii- 
vi'riti'iiit'  of  till'  iiionu'iit  nu'lliitl  iiiiist  li«>  ostali- 
lisliitl  on  a  I'lisi'  liv  i'iiM'  ha.sis,  tlio  siinpli'  I'oriniila 
IS  iisiti  lii'it'afti'r  to  i'oni|)iiti'  tlio  inilinttl  oiiiTi'iit 
I'vi'ii  in  till'  oiisi'  « lii'it'  till'  lint'  IS  a.s  >liort  as  tl.4 
iiavi'li'iijttli 

Altlionidi  lit'  liavi'  ain'iiily  I'stalilislutl  that  tin- 
tlint'-toriii  I'xpansion  is  usually  aili'ipiati'  to  ri'pri'- 
si'iit  till'  aportiiiv  I'lit'trii'  tii'ld.  It  is  still  appro- 
priati'  lii'H'  to  I'xainiiii'  tlio  I'onvi'iyt'iiit'  of  tlii> 
I'urn'iit  indiii'itl  on  a  iiiri'  iiisido  tlio  oavity  with 
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Kin-  7.  ('oni|wriiion  of  the  siniplo  I'orniiila  and  tho  inoniont 
iiiothitl  for  till’  di'ti’miiiinttoii  of  iho  i'urn’iit  induitsi 
at  tho  it'iitrr  of  a  oyliiuli’r  ill  fnt'  s|tut’  as  a  fiiiii'lion  of 
tho  aiiKli'  of  iiindi'iiit’  ft  (roal  and  iniainiiary);  !■„.  •» 
ll.iHit  X.  *M,  -  0.2.X  X. 


Fig.  ?•.  t'linipariaoii  of  tlio  siinpli'  forniiila  and  tlii’  iiioiiii'iit 
nirlhitl  for  tin’  di’li'riiiinatiiiii  of  Ihc  indiii'ril  i'lirn'iit 
diatrihiitioii  on  a  wirp  inaidi<  tho  nivily.  Tho  itooniolrii'al 
(mraniotors  am:  >1  -m  il.:l  /I,  1)  _  0.:l  A.  d  <•  (l.nt.X  X.  h  m, 

n  il  A.  iia.  ••  n.nnt  A.  t  2  A.  a  n  .x.  s  n.  .m  >  n. 


l.'i.'i 

various  nunilt'rs  of I'xpansioiis  In  Fiu.tl.  tho  indin' 
I'd  I'lirri’iils  as  I'ali'iilalisl  mtli  .V  It.  I.  and  2  ait' 
ski'ti'hitl  Wo  SOI'  that,  as  far  as  tho  indiiittl  I'urront 
Is  I'oiii'i  I liisl,  tho  lito-loiui  oxpausion  (.V  II  is 
siiflii'iont 


0«. 


Fiji,  tl.  liidiiittl  I'lUTi'iil  on  .1  iiim  insidi'  llio  oavity  as  a 
fiiiii'tiiin  111  :  ivilli  .V  as  a  |iaranu’li'r.  riii’  ijisiiiii’lrii'al 
ftiraiiioti'ni  am:  a  1 .0  A.  o  »  O  il  A.  d  O.Ot.'i  A.  X 

2.2  A; 

.V 

ni  ^  ds  itw  /\  lA. 
s  ••(I 

flisido  a  (jivon  oiivify.  if  is  oxjt’i’fitl  that  tho 
indinttl  I'lirn'iit  on  a  jfivoii  wiro  with  its  position 
li.xiHl  would  inon'a.so  with  tho  onlarisoiiioni  of  tho 
lonuth  of  tho  slot  io.  Tho  itidiii'od  ourifiit  at  tho 
I'ontor  of  tho  win'  diM's  inoroaso  iiith  o  whon  0 
is  n'lativi'ly  small  as  oonipansl  with  tho  radius 
of  tho  oavity  n.  Tho  oontor  I'liiTont  aoipiin's  its 
(u'llk  valiio  uhoti  on  is  alioiit  t'.'.l  and  lu'iinis  to 
doon'iiso  thon'iiftor,  Thoso  oharai’loristios  ait' 
dotiionstriitiHl  in  Kiif.  I(t. 


.  l 


Fiir,  to.  tiidiiissl  riirtfiil  al  tin'  it'iitor  of  tlir  nim  iiisido 
tlio  I'HVity  as  a  fiuii'tion  of  slot  li'iitftli  2r.  I'lio  tfis'tiii'trii'al 
t'arann’Ii'rs  am.  a  I.  d  -  0  0t.’>,  *  2  2.  tmi).  —  0  ;t. 

il.r  '•  n.ttOI  A.  »»  0.2  A.  till  O  t.  <A  0.  .',1  ■  O. 
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In  Fi>:,  II.  wo  ^lu»w  tlu*  ooutor  onrronl  o\\  tlu' 
Wirt*  as  a  function  til' »j.  (1.:^**)  •  <i  x^iVS.  with  iho 


Fjtf.  II.  ln«Iin'tHl  «*urr**nt  at  tlu*  I't^ntor  of  tlu*  wiro  insult* 
thf*  I'Hvity  .IS  A  tiitu'tion  til  cyUiKior  ratiius  a.  Tht* 
mHncai  jwiraniHoni  .ir**;  «*  «•  n..‘l  >1. «■  n.Olo  a,  K  ^  (Vti  X. 
o  2  i.  o  a  '  n.  I . 


•  K  - 


Vl  \  iMirrrnt  at  thf*  »rnfrr  o|  ihi*  win*  insult* 

th<*  rsvitx  An  4  t'<inrti«in  of  t‘4\ltv  Irnufh  JA.  rht* 
mstru'nl  jitir  »nu*trr»  .irr  tt  o  ^  X.  c  iKl  a. //  n.O|.‘»  x. 

i^sr  i.  i.  »» .i  ot 


Fig.  n.  Current  <h«thhutK>n  mtlucr^i  on  a  wiro  inmtio 
tho  oavity  wilh  f'rpqiionoy  as  a  jHirAmotor.  Tho  gmmrtncftl 
^MmmotorA  iiir:  a  •  n..V  m.  r  0.2A  m.  <i  *  O.tUVA  m, 
h  ma  0  m  O.ilDI  m.  am  0.3  m. 


otluT  (liiii(*n>it)ns  rt.xotl.  \\’t*  oIimtvi*  that  tluTo  art* 
throt*  {H'aks.  Tlit*  first  of  (M'uks  oorrt‘s|M»iuls 

to  thf  rt*.soMuiK*<*  at  whu'h  .Jo(;',o;)  —  0.  'I'hi'  mh-oihI 
anti  tliii'tl  |MMks  oturo'^littrui  rt*s|N*t'tiv«'lv  fti 
V>  anti  '*)  =  0  It  slitnikl  U*  inttctl 
that  tin*  rt'sinmint's  utiultl  twcur  iin»ri*  oftt*n  Inwonti 
tin*  raniit*  of  Kij;.  1'2.  atnl  nuinoru'al  st)iiitttuis  ft»r 
largt’  <1  would  rmt  In*  rt'Iialilt*. 

Tht*  I'fiilor  ourn*nt  on  a  win*  as  a  fuin'litui  t»f  tin* 
lt*n>lth  tif  tin*  t'avity  '2h  with  otln-r  iiinn*nsioeis 
lixt*ti  Ls  plt>ttf*d  in  Ki>:.  \'2.  Twt)  pt^aks  an*  ohMTvtni 
in  hig.  12.  Tin*  tir-st  ju'ak  is  rt'Iaft'ti  to  tin*  ri’''tuiaiu'<* 
oorrt'sjxnuliliji  tt>  dotyi til  =  0.  hut  wt*  aiv  vniahh* 
tt)  analwa*  tin*  naturo  of  tin*  snialltT  [loak  at 
A  «=  1.02  A 

Finally,  wo  oxaniiiio  tin*  variation  of  tin*  indin't'ti 
ourrt'iit  with  rt*s|a»ot  to  tin*  fn*(|uoiu'y  of  fin*  in* 
oiilont  piano  wavo.  Tin*  induct'd  ourri'iits  at  rt'pn*- 
M*ntativo  frt'tpit'nrios  aro  skt‘fi'in*<l  in  Fiy.  I.‘T  which 
n*rtocts  tho  altcratitm  t)f  tin*  oloctrical  length  of 
the  wire. 

Thus  rt'|v>rt  was  siippirlotl  hy  •'onfraet  .No.  .\iMlO 
u-7A.c-oin»:». 

( Ut*<t*ivo»I  XoM'mlu'r  llth.  lOTvS.) 

Hflfrsnrfs 

[1]  StinunertVld,  A..  Partial  ihff<*n*ntial  (*<|uations  in 
physu's.  .Vatlemio  IVoks.  .Now  A'ork  IlMU.  pp.  21*.  1.71*. 
[2j  Silver.  S.  and  Saunders.  W.  T.,  The  external  tiel<l 
prtxlut'etl  hv  a  slot  m  ;tn  intimte  rireular  cylinder. 
.1.  appl.  Phys.  2t  l*Vl— 1.>S, 

('ll  Barakat.  H.  and  lx*vin.  K..  Diffraction  of  a  plane  KM 
wave  hv  a  |a*rfectly  tondueting  ovlindncal  lamina, 
d.  Opt.  St>e.  .\uu'r.  .WlIWM!.  lost* -101*4. 

[*I  NVallenl>erg,  H.  F..  Badmtum  from  at^rtim*  in  ton- 
ducting  cylinders  of  arhitrarv  enwis  MM  tion.  Transiict. 
IKKK  AP  17  119741.  .Vi-h2* 

(.A]  Haihn.  h.  h.  and  S|>ellinin'.  U.d.,  Coiiverin*nt  n'pi>*- 
sentationa  f»)r  the  radiation  tiehls  fn)n)  slots  m  l.irgf* 
circular  evlinders.  Transact.  IKK  AP-5  [11*.77].  374  — 

(Ill  Siifavi-Naini,  S.,  Diffraction  of  eWtiomaiinetic  waves 
hv  (I  slotteii  circular  cvliruler.  M.  S.  Thesis.  I'mversitv 
of  Illinois.  rr!»ana,  !l*7il. 

(71  Safavi-Nnini.  S..  Ix»e.  S.  \V..  and  Mittra.  IC.  Trans- 
ini.ssion  of  an  KM  wave  thrt>utfh  the  aj>ertun*  of  a 
cvlindncal  cavity.  KhM'frt'mairnetic  U»h.  Te<h.  Hep 
No.  7thl.  I'mversitv  of  Illinois.  Crhana.  I1*7(). 

[S]  Safavi-Xaini,  S.,  Ix*^'.  S.  W.,  .*ind  Mittra.  H..  Trans¬ 
mission  of  KM  wave  through  the  ajvrture  of  a  cylin- 
dneal  cavitv.  Transact.  IKKK  KMt'-lH  (11*771. 

SI. 

(1*1  Harrington.  H.  F..  Field  <*otnputatioii  hy  moment 
metho«Is.  Maemillan.  New  York  l!*tW.  pp.  7.  I7S. 

(10|  Hiitler.  (\  M.,  Kvaliiation  of  |»otrntial  integral  at 
singularity  of  exact  kernel  in  thin-wire  calculations. 
Tninsact.  lKKK  AP  iS  [197.7].  293-  2m. 

(llj  (diang.  D.<'.,  Fee.  S.  \V..  and  Hispin.  h..  Simple 
expressions  for  current  on  a  thin  cytimineal  re<'etving 
antenna.  Sei.  Hep.  No.  2t*.  I'niversity  \)f  Coli>rado. 
Dec.  I97rt. 

[121  Chang.  D.  I.x'e.  S.  \V..  and  Hispin.  1...  Simple 

formula  for  current  on  a  cylindrical  nH'eiving  antenna. 
Transact.  IKKK  AP-lM  ( l'97S].  fW;i  -  ti9*>. 

(131  Harrington.  R.  K.,  Time-harmonic  ehn'tixmiagnetic 
lields.  Slcl7raw-HiU  IVxik  Co..  New  York  I9H2,  p. 2t*t*. 


c 


!£Et  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION,  VOL.  AP-27.  NO.  I.  JANUARY  1979 


Accuracy  Test  for  High-Frequency  Asymptotic  Solutions 

R.  MITTRA,  FELLOW.  IEEE.  AND  M.  TEW 


.-Ifri/rscr-Asymptoac  wlutiofM.  or  lolabona  whow  accuncy 
incnaM*  aa  lom*  panmeien  uict*aM.  have  ia«n  inctcaanf  luc  in 
rrccni  yean.  For  t.\ainpla.  the  problem  o(  a  nufnetic  dipola  ndiaiing 
on  u  iaflnile  circular  cylinder  haa  had  three  different  aiympiotic 
loluiiona  propoaad.  Unfortunately,  it  ia  difticult  to  aiaeaa  the  accuracy 
of  theae  aaympcotic  aohitioaa,  or  even  to  detetmiiw  than  icUtivc 
accuracy.  An  accuracy  teat  band  on  the  latiafactian  of  the  f-nald 
boundary  condition  on  the  cylinder  surface  ia  propoaad.  The  leal  ia 
performed  by  relating  the  spectral  domain  repreaenation  at  the  surface 
ff-dtU  (given  by  the  aaymptoik  solniian)  to  that  of  the  £-neid  and 
then  invem  iranafotming  to  obtain  the  surface  S-lMd.  In  some  caaea 
analytic  and  numerical  techniques  are  combined  to  aid  in  evaluation  of 
(he  spectral  concinl  of  the  surface  ff-fMd.  The  propoeed  teat  ia  applied 
to  two  of  the  publiahed  solubona  and  to  a  third  solution  generated  to 
bridgi  the  diffeiunoea  between  them.  Thicc.diiiienaional  plots  of  the 
resulting  surface  f-field  ate  pieaeniad.  It  waa  found  that  the  propoaed 
test  it  most  sanaiiiva  to  the  soutca-tegion  behaviot  of  the  solution  and 
ratativdy  inaenaitive  to  the  larga  path  length  behavior. 

INTRODUCTION 

HE  PROBLEM  of  determining  the  induced  surface  cur¬ 
rents  on  an  infinite  circular  cylinder  excited  by  a  slot 
radiator  has  received  increased  attention  in  recent  years.  One 

Manuicnpi  leccned  Match  22.  19TS;  revijtd  August  12. 19TS.  This 
work  was  supported  in  part  by  the  Joint  Services  Electronics  Program 
(U.S.  Army,  U.S.  Navy,  and  U.S.  Air  Force)  under  Contract  DAAG-29- 
7gC.0016.  and  in  part  by  the  Atmy  Research  Oflict  under  contract 
DAAC-29-77C-0111. 

Tha  authors  art  with  tha  Elactromagnaacs  Laboratory,  Department 
of  Electrical  Engineehng,  Cnivttuty  of  lUinou,  Urbane,  ltd  1801. 


reason  for  tllis  interest  is  the  usefulness  of  the  induced  currents 
in  calculating  various  electrical  parameters.  In  a  conformal  slot 
array,  for  instance,  knowledge  of  the  currents  allows  calcula¬ 
tion  of  both  the  mutual  impedance  between  two  slots  and  the 
far-field  pattern.  The  work  reported  hire  is  concerned  with  a 
test  which  attempa  to  evaluate  the  accuracy  of  existing  solu¬ 
tions  for  the  infinite  cylinder  problem. 

An  exact  modal  solution  to  the  cylinder  problem  does  exist 
(11,(21.  However,  for  large  radii,  the  solution  (whose  form  is 
an  infinite  senes  with  each  term  containing  an  infinite  integral) 
converges  so  slowly  as  to  make  its  use  impracDcal.  For  large 
(*  is  the  wavenumber  and  R  is  the  radius),  three  asymptotic 
solutions  have  been  published  (3) -(7).  Two  of  the  solutions 
(3l-(6)  are  derived  from  manipulation  of  the  modal  solution 
and  are  asymptotically  correct  for  targe  path  lengths.  One  of 
these  solutions  [3|,  (4|,  which  is  used  in  the  testing  program 
developed  in  this  paper,  will  hereafter  be  referred  to  as  Asymp¬ 
totic  Solution  1  or  AS-I .  Another  solution  which  is  also  tested 
herein  is  bated  on  a  modification  of  the  work  of  V.  A.  Fock 
addressing  the  problem  of  radiation  on  a  sphere.  This  solution 
is  asymptotic  in  both  the  sense  of  large  path  length  and  large 
radius  and  will  hereafter  be  referred  to  as  .Asymptotic  Solution 
2  or  AS-2.  In  contrast  to  the  AS-1  solution,  the  AS-2  solution 
has  the  feature  that  it  exhibits  the  appropriate  asymptotic  be¬ 
havior  of  the  surface  current,  both  in  the  vicinity  of  the  source 
and  at  large  distances  away  from  it.  This  property  of  the  .AS-2 
solution  will  be  shown  to  have  a  profound  effect  on  the  results 
of  the  boundary  condition  test  to  be  described  below. 
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Because  all  ol  the  asy  mptotic  solutions  for  the  cylinder  are 
approximate,  a  lest  which  could  determine  the  relative  accuracy 
of  the  solution  is  highly  desirable.  This  paper  proposes  such  a 
test  based  on  satisfaction  of  the  £'-field  boundary  condition. 
The  test  is  applied  to  the  AS-1  solution,  a  modified  version  of 
the  .AS-1  solution,  and  to  the  .AS-i  solution.  When  possible,  an 
exact  analytic  solution  was  also  tested. 

THE  PROBLEM 

The  problem  addressed  consists  of  an  infinite  perfectly  con¬ 
ducting  cylinder  of  radius  R,is  shown  in  Fig.  1(a),  A  standard 
P,  A  :  cy  lindncal  coordinate  system  is  imposed  on  the  cylinder 
so  that  the  r-axis  coincides  with  the  cylinder  axis  The  co¬ 
ordinate  system  is  set  up  so  that  P  =  R, <3  =  0,  :=0  defines 
the  center  of  the  slot  (or  coincides  with  an  elemental  magnetic 
dipole  radiator)  .\s  shown,  j  is  the  path  length  on  the  cylinder 
surface,  and  S  is  measured  from  the  0-axis  to  the  surface  path. 

The  cylinder  is  a  developable  surface,  and  a  geodesic  path 
on  the  cylinder  surface  becomes  a  straight  line  on  the  infinite 
strip  that  makes  up  a  developed  cylinder.  Fig.  1(b)  shows  the 
developed  cylinder  and  introduces  the  local  n  ,  h'.  t'  and  it.  h.  i 
coordinate  systems,  where  n.  it  are  the  outward  normal  to  the 
surface,  and  /  are  tangent  to  the  surface  path  at  the  source 
and  observation  points,  respectively  (A’  =  \  A). 

On  the  developed  cylinder  /'  is  parallel  to  t.  it  is  parallel  to  -i, 
and  h  IS  parallel  to  h.  however,  this  is  not  the  case  for  the  un¬ 
developed  cylinder.  Each  of  the  asymptotic  solutions  tested 
determines  the  surface  //-field  components  at  the  observation 
point  m  terms  of  the  field  parallel  to  the  surface  ray  //,,  and 
the  field  perpendicular  to  both  the  surface  ray  and  the  surface 


normal  //^  Thus  each  soluhon  tested  is  of  the  lo.'m 

/7((?l  =  .»?•  (A />■//»  -r  fV//,),  (I) 

where^lf  is_the  magneticdipolemoment.  For  all  results  reported 
here.  1/  =  o,  i.e.,  a  circumferentially  oriented  source  was  used. 

SOLl’TIONS  TESTED 

The  results  of  tests  on  three  asymptotic  solutions  are  in¬ 
cluded  the  .AS-1  solution,  the  AS-I  solution,  and  a  modified 
version  of  the  AS-1  solution. 

The  AS-1  solution  is  given  by 

/frfO'-C;  ikj)u({)0'(j) 


where  rj  «  the  impedance  of  free  space,  and  u  and  f  are  Fock 
functions.  J  is  a  normalized  distance  parameter,  with  R,  bemg 
the  radius  of  curvature  along  the  surface  ray  path  (radius  of 
curvature  in  the  direction  of  r).  For  the  cylinder  case  under 
consideration  /?,=/?  cos^  6.  .Vote  that  t  *  0  whenever  R  *<* 
ot  d  *  ttiZ.  For  the  case  when  {  •  0  the  .AS-1  solution  reduces 
to 


//(.(C?)  '  C/(r) 

//,((?)'(:;  *i)G(j),  (3) 

and  the  form  of  identically  recovers  the(ti)~‘  term  from 
the  exact  solution  of  a  magnetic  dipole  radiating  on  an  infinite 
fiat-ground  plane 

The  AS-2  solution  is  found  by 

'1(1  -l.  ksMi)  -  (1  *a)2u{{)  -  /(vTt/?,)-*'* 

•  ^  iWTkR,)-*  Ri,)u  ij)1  G(r) 

//,(£?)  '  V  trlliif)  (1  -2/  ks)u(,()  f  /(vTtR,)-*'® 

•  u'({)J(;(r),  (4) 

where  v  and  u  are  Fock  functions,  and  i''  and  u'  are  their 
derivatives,  respectively.  |  and  G(s)  were  defined  above,  and 
/?  ^  IS  the  radius  of  curvature  transverse  to  the  surface  ray  ( radius 
of  curvature  in  the  direction  of  A).  Two  features  of  the  AS-I 
solution  stand  out.  .As  kR*  *>  the  solution  reduces  to 

»^ly)  '  1 1  -/  *r  -  ( I  tr  )*  1  G(r) 

//((yi'C;  tJ)(l-t  AriG(il,  (5) 

which  identically  recovers  the  exact  solution  for  a  magnetic 
dipole  radiating  on  an  infinite  fiat  plane  (this  is  in  contrast  to 
the  .AS-1  solution  which  recovered  only  the  1  j  term  of  //(, 
and  the  1  term  of  //,).  .As  ^  *  tt,  2  the  .AS-'  solution  may  be 
put  in  the  following  form: 


(t>) 


^4 
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where  I  rs  i  eonMint  The  ^uitice  ra>  along  the  cylinder  axis 
thus  exhibits  less  attenuation  than  a  corresponding  ray  on  a 
flat  plane  (This  type  of  asymptotic  behavior,  as  •  rr  is 
also  exhibited  by  another  solution  (5  1-(6| 

Thus  two  distinct  differences  exist  between  the  AS-I  and 
AS-’  solutions  in  the  limiting  cases  of  Ic/?  ■»  <»>  and  d  -  i.Z.  One 
concerns  the  higher  order  terms  (1  s^,  Ijj^l  of  the  solution 
and  may  be  thought  of  as  a  localired  source-region  etfect.  The 
other  difference  lies  in  the  attenuation  of  a  ray  propagating 
along  the  cylinder  axis  (9  =  t  ’i,  where  the  AS-I  solution  de¬ 
cays  as  1  j.  and  the  AS-’  solution  decays  as  I  \s.  This  effect, 
then,  IS  hardly  significant  near  the  source,  where  the  1  and 
1  r^  terms  dominate,  but  it  determines  the  field  behavior  far 
away  from  the  source 

In  an  attempt  to  separate  the  above  two  effects,  a  third 
solution  has  been  constructed,  which  is  a  modified  AS-I  solu¬ 
tion  and  will  be  denoted  .-AS-d,  The  .AS-3  solution  is  given  by 

'  (2//*t){u({)  O'(i)  (7) 


computation  is  unfeasible.  .Accordingly,  an  indirect  procedure 
must  be  used.  .An  indirect  evaluation  of  the  surface  f-field  is 
conducted  in  the  following  manner  each  of  the  asymptotic 
solutions  predicts  the  .'f-field  on  the  cylinder  suilate.  Tliiough 
the  use  of  Maxwell's  eiiualions  the  surface  //-field  may  be  re¬ 
lated  to  the  surface  £'-field  and  the  boundary  condition 
checked  T'se  of  the  spectrum  of  the  //-field  instead  of  the 
direct  surface  field  makes  analysis  straightforward  as  well  as  al¬ 
lowing  the  use  of  a  fast-Fourier  transform  irKT)  algorithm  for 
efficient  numencal  calculation 
The  lest  proceeds  as  follows 
1 1  .A  cylindrical  transform  is  defined  as 


//,(«.  k, )  = 

o 


I  ,  2rr  i/0  y  J: 


2  r)c'""?e 

0 


(8) 


2)  Electric  and  magnetic  vector  potentials  are  expanded 
with  unknown  coefficients 


As  IS  apparent,  the  AS-1  solution  has  been  modified  by  the 
addition  of  the  higher  order  terms  present  in  the  exact  solution 
of  the  planar  problem.  The  AS-3  solution  will  recover  the  exact 
planar  solution  when  kR  ♦  <»,  just  as  the  AS-2  solution  does. 
However,  along  9  =  Tt' 2  the  AS-3  solution  decays  as  I 's.  while 
the  .AS-3  solution  decay's  as  l.V?. 

The  rationale  behind  creation  of  the  .AS-3  solution  is  con¬ 
tained  in  the  following  argument.  The  AS-l  and  AS-3  solutions 
are  quite  different-not  only  in  the  construction  of  the  solu¬ 
tion.  but  also  in  the  behavior  under  limiting  cases.  Both  the 
source  region  behavior  and  the  "asymptotic"  behavior  (for  large 
ks  along  9  =  tr;3)  are  significantly  different.  Even  if  a  test 
revealed  differences  between  the  AS-3  and  .AS-1  solutions,  it 
might  still  be  difficult  to  determme  anything  about  the  local 
accuracy  of  the  solution,  i.e.,  it  might  be  difficult  to  determine 
the  "cause"  of  the  difference  in  test  results.  Creation  of  the 
.AS-3  solution  is  designed  to  alleviate  this  problem  Also,  since 
.AS-1  and  ,AS-3  have  the  same  behavior  as  9  •*  thZ.  comparison 
of  their  test  results  may  reveal  the  role  of  the  source  region  in 
satisfaction  of  the  test.  Similarly,  .AS-3  and  AS-3  have  the 
same  behavior  in  the  source  region  (as  k/f  *  “>1,  so  comparison 
of  their  test  results  may  reveal  the  role  of  the  1  v'^erm 

In  review,  we  have  three  asymptotic  solutions  to  test -two 
have  been  published,  and  the  third  has  been  created  to  some¬ 
what  bridge  the  differences  between  the  first  two.  The  test 
proposed  will  investigate  how  well  the  f-field  boundary  condi¬ 
tion  on  the  cylinder  surface  is  satisfied. 

E-FIEl.D  TEST 

The  tangential  £'-field  must  be  aero  everywhere  on  the  sur¬ 
face  of  a  perfect  conductor.  The  exact  solution  for  a  circum¬ 
ferential  slot  radiating  on  a  perfectly  conducting  circular  cyl¬ 
inder  thus  would  have  =  0  everywhere  on  the  cylinder  and 
f,  =  0  everywhere  except  in  the  extent  of  the  slot.  The  f-field 
test  checks  to  .see  how  well  the  asymptotic  solutions  satisfy 
this  condition. 

The  most  direct  and  attractive  method  of  determining  the 
surface  f-field  would  be  to  compute  the  normal  derivative  of 
the  //-field,  Unfortunately,  the  asymptotic  solution.!  are  valid 
only  for  points  on  the  cylinder  surface,  so  that  such  a  direct 


J:. 


(9) 


Observe  that  n  and  k,  are  "transform  variables",  k  is  the 
wavenumber,  and  //„'^’  is  the  nth  order  Hankel  function  of 
the  second  kind,  representing  an  outward-traveling  cylindneal 
wave.  For  future  notation,  the  complex  variable  y  will  be  used 
to  replace  the  radical  in  the  argument  of  the  Hankel  function 
y  =  *7^. 

3)  Through  the  use  of 


//  =  V  X  .J  —  jcJCoF  1  jcujJo^'v  ■  ^ 


(101 


one  may  determine  the  unknown  coefficients  \  and  g„  in 
terms  of  the  transform  of  the  surface  //-field  as 


/n(*,)  = 


y/f,'^2H7«'l 


//ol".  *,)+  //,(«.  kj) 

y*/? 


W,ln.  *,). 


Ill) 


where  //,  '**  is  the  denvative  of  the  //n'"'  Hankel  function, 
-f)  .Applying 


t'  =  -  7  '<  F  +  I  jcuco  VV  •  .4  (13) 

permits  computation  of  the  surface  /.'-field,  accomplishing  the 
desired  lest. 

The  above  procedure  can  be  condensed  into  two  steps  of 
actual  compulation  by  combining  (‘>)-(l3).  While  the  re¬ 
sulting  expressions  appear  to  be  complex,  this  two-step  proce¬ 
dure  IS  significant  because  it  essentially  involves  only  a  two-di¬ 
mensional  Fourier  transform,  modification  and  combination 
of  the  transformed  fields,  and  then  inverse  Fourier  transfor¬ 
mation  and  summation  of  the  Fourier  coefficients.  The  analysis 
is  computationally  efficient  because  the  FFT  can  be  used  to 
evaluate  all  integrals  involved. 

Practically  speaking,  the  greatest  difficulty  in  the  above 
procedure  comes  in  accurately  determining  the  spectrum  of  the 
surface  //.j-field  Both  the  .AS-3  and  .AS-3  solutions  have  I  r* 
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and  1  Aingulantics.  while  ihe  AS-1  solution  has  a  1,j  singu- 
lanry.  The  •peakiness  "  of  these  //(,-fields  means  that  special 
care  must  he  taken  in  using  the  FFT  to  determine  the  spectrum 

The  fint  attempt  to  overcome  this  problem  involved  raising 
the  magnetic  dipole  slightly  above  the  cylinder  surface  so  that 
the  field  was  no  longer  singular  but  had  a  finite  peak.  After 
this  step  had  been  implemented,  a  convergence  check  of  the 
FFT  integral  showed  that  the  FF'T  was  able  to  handle  the  I  s 
peak  correctly  with  reasonable  sampling  rales,  but  the  1 
and  1  peaks  yielded  erroneous  results.  Further  measures 
were  necessary  to  achieve  a  reliable  lest  of  the  AS-3  and  AS-’ 
solutions  (for  a  reasonable  computer  sizel. 

The  key  to  achieving  a  reliable  check  of  the  .AS-’  and  AS-.^ 
solutions  lies  in  recogniaing  that  the  singular  form  of  the  source 
region  is  that  of  a  planar  case,  and  that  the  singulanty  has  an 
analytic  transform  Specifically,  the  planar  singulanty  can  be 
expressed  as 

1  /  32 

//*  F  = - -  ’T  L 

\32(^0)2 

I  32 

M.  I.  =  -  ; - ; - ,  (13) 

ZTtj/k  3(/(ip)3r  j 

where  s  is  the  path  length  given  by  j  =  . 

and  A  IS  the  height  of  the  dipole  above  the  cylinder  Because 
the  singulanties  may  be  expressed  as  denvatives,  their  analytic 
transform  is  obtainable  and  is  of  the  form 

'  ZTtyk  y  R  )  ^njR 

^  ’  lvr\]k  \  /?2  j  4^,/j  V**  “  (n//?)*  - 

where  Q  is  a  constant. 

The  total  field  on  the  cylinder  can  then  be  expressed  as 
//((?)  = /7pta«,(V)  +  //dl««n«(f2>.  (IS) 

where  /7((?)  is  the  total  field  as  predicted  by  an  asymptotic 
solution,  and  is  the  field  that  would  exist  on  a  flat 

infinite  ground  plane.  (This  division  may  be  thought  of  as 
taking  the  planar  field,  "wrapping”  it  around  the  cylinder,  and 
subtracting  it  from  lliQ).)  The  transform  of  the  surface  fields 
IS  given  by 

«(".  *,)=(=  (16) 

and  ffpi.nar*''-  '*  Analytically  in  ( 14).  /7difi„#nce((?> 
IS  at  most  on  the  order  of  l/VJ,  so  that  evaluation  of 
f^dilivranc*''’-  '■'an  be  reliably  obtained  from  application 
of  the  FFT.  Any  test  which  involves  breaking  the  fields  up 
into  planar  and  difference  fields  will  be  termed  a  hybrid  com¬ 
putation,  because  it  combines  analytic  and  numerical  tech¬ 
niques.  The  only  difference  between  a  "hybrid  computation" 
and  a  "direct  computation"  is  in  the  method  of  obtaining  the 
spectrum.  After  the  spectrum  is  found  both  tests  proceed 
identically.  Fig.  2  compares  the  phase  of  //«  for  a  fixed  value 
of  k,,  when  the  transform  was  derived  from  hybrid  and  direct 
computations.  Companson  with  the  phase  of  the  modal  trans¬ 
form  reveals  the  increased  accuracy  of  the  hybrid  method. 

To  utilize  the  f-field  test  the  three  asymptotic  solutions  are 
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Fig.  ’  Effect  of  hybrid  compuution  of  phase  ol  //o  transform 


compared  to  an  exact  modal  solution  [  21  The  procedure  used 
in  deriving  the  exact  modal  solution  is  essentially  the  same  as 
that  used  to  perform  the  f-field  test.  The  difference  lies  in  the 
fact  that  while  the  test  begins  with  the  asymptotic  W-field.  the 
modal  solution  begins  with  the  known  F-field  (known  for  an 
elemental  source)  In  a  manner  similar  to  the  test,  the  //-spec¬ 
trum  may  be  found  from  the  known  f-fields  and  can  be  ex¬ 
pressed  in  terms  of  the  f-spectrum.  This  provides  analytic  H, 
and  spectrums  that  can  be  compared  to  those  resulting 
from  the  asymptotic  solutions.  .After  the  //-spectrum  is  ob¬ 
tained  from  the  f-field  it  may  be  tested  lust  like  any  other 
spectrum  This  "check",  which  begins  with  a  surface  f-field, 
finds  the  //-spectrum,  and  then  returns  to  the  surface  f-field, 
IS  also  valuable  in  assuring  that  the  FFT  sampling  of  the  spec¬ 
trum  IS  sufficient. 

During  actual  application  of  the  test,  the  source  used  w  as  a 
slot  radiator  instead  of  an  elemental  dipole.  This  was  necessary 
because  the  surface  f-field  of  the  slot  is  finite,  although  discon¬ 
tinuous,  while  the  surface  f-field  from  the  elemental  source  is 
singular.  Sampling  the  f-spectrum  sufficiently  well  to  represent 
the  singular  surface  field  would  make  the  computer  require¬ 
ments  prohibitively  large,  while  the  more  regular  slot  is  readily 
handled. 

Representation  of  the  slot  spectrum  was  achieved  by  first 
determming  the  //-field  spectrum  due  to  an  elemental  dipole 
source  (the  direct  asymptotic  solutions  or.  for  the  analytic- 
case,  f,u,f,c,  =  c(5(p  -  R)  5(0)  6(;)).  The  //-spectrum  was 
then  multiplied  by  the  transform  of  the  slot  distribution, 
which  was  equivalent  to  convolving  the  elemental  source 
with  a  distribution  in  the  space  domain.  For  a  finite  slot  as 
shown  in  Fig.  1(a)  the  transforms  used  were  of  the  form 
(sin  (k,5'2)]  (k,bl2)  to  represent  a  uniform  f.-field.  and  of 
the  form  cos  (aii)/lir2,4  -  (an)*),  a  =  arcsin  \ii/ZR)  'o  re¬ 
present  a  half-period  cosine  spreading  in  O. 

The  totality  of  the  f-field  check  has  now  been  determined. 
The  components  of  the  spectrum  of  the  //-field  that  result 
from  an  elemental  source  are  determined.  For  the  asymptotic 
solutions  the  spectrum  is  determined  either  by  direct  applica¬ 
tion  of  the  FFT  or  by  u.se  of  the  hybnd  technique,  for  the 
exact  case  the  //-spectrum  may  be  found  analytically  Regard¬ 
less  of  Its  source,  the  //-spectrum  is  then  multiplied  by  the 
transform  of  the  assumed  slot  distribution,  accomplishing  the 
convolution  that  is  necessary  to  represent  the  slot  distnbution. 
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The  /'-liclJ  spectrum  is  then  lounj  from  moJilicution  jnJ 
combinjtion  ot  the  //-fielJ  spectrum  componenrs  Finaily,  in¬ 
verse  Fourier  transformation  anj  summation  of  the  Founer 
coefficients  (pves  the  surtace  F  -liclJ  The  next  section  compares 
the  surface  F-tieUls  itiven  by  the  three  asymptotic  solutions 
anJ  compares  them  to  the  analy  tic  solution 

RFSflTSOFTHfc  b-FlFLDTtST 

\!I  results  presented  here  ate  for  the  tollowinji  conliitura- 
tion 

•  cy  Under  radius  R  =  1  5 1 

•  slot  width  h  =  0  .lObti  ,\, 

•  slot  length  a  =  0  ns5»< 

•  extent  of  :  sampling  =  1  ^5 

•  number  of  samples  in  r  =  1  ’8. 

•  extent  of  <>  sampling  =  2rr  rad. 

•  number  of  Founer  coefficients  in  0  =  bd. 

This  set  of  parameters  results  in  a  sampling  of  the  spectrum 
out  10  K,  5s  5»it. 

The  figures  that  follow  are  three-dimensional  views  of  the 
surface  £j-field  that  results  from  carrying  out  the  test.  These 
three-dimensional  plots  are  more  valuable  in  representing 
shape  and  form  than  in  revealing  magnitude  values.  The  surface 
£-tield  IS  calculated  after  multiplication  by  the  spectrum  of 
the  assumed  slot  distribution,  so  should  be  zero  every¬ 
where  Since  all  of  the  magnitudes  are  symmetric  in  z,  only 
half  of  the  total  surface  is  presented  in  each  plot. 

The  test  was  first  applied  to  the  analy  tic  //-spectrum.  This 
was  the  standard  to  which  all  the  other  solutions  were  com¬ 
pared.  The  analytic  solution  resulted  in  that  was  essentially 
cero  (a  totally  flat  curve)  and  an  E,  that  was  well  contained. 
The  fact  that  E,  went  to  zero  in  a  smooth  curve  in  the  z-di- 
rection  instead  of  a  discontinuous  curve  was  due  to  the  nu¬ 
merical  calculation.  This  curve  revealed  that  the  error  intro¬ 
duced  by  pcrformmg  unite  sums  and  integrals  was  negligible. 

The  test  was  next  applied  directly  to  the  ,\S-2  solution.  The 
resulting  £',-field  was  considerably  more  spread  than  in  the 
analytic  case  The  /:'^-lield.  instead  of  being  zero,  showed  two 
sharp  peaks  near  the  source  and  a  rippled  character  away  from 
the  source. 

The  effect  of  using  a  hybrid  computation  on  the  ,\S-2  solu¬ 
tion  can  be  seen  in  Fig.  3  The  beneficial  effects  of  using  the 
hybnd  computation  were  easily  seen  in  the  f-fields.  The  form 
of  £,  was  much  closer  to  the  analytic  shape  than  when  the 
direct  FFT  was  used,  and  the  peaks  of  E^  were  removed  en¬ 
tirely.  E.)  still  retained  some  of  its  nppled  character,  but  over¬ 
all  the  error  was  greatly  reduced. 

Since  the  previous  tests  revealed  the  desirability  of  using 
the  hybrid  computation  when  possible,  the  results  of  testing 
the  .4S-3  solution  by  direct  FFT  are  not  shown.  Applying  the 
hybrid  method  to  the  AS-3  solution  generated  forms  that  were 
practically  indistinguishable  from  those  that  resulted  from  ap¬ 
plying  the  hybrid  method  to  the  AS-3  solution. 

Because  the  .AS-I  solution  only  has  a  singularity  (peak)  on 
the  order  of  1  s.  it  is  not  necessary  to  resort  to  a  hybrid  com¬ 
putation  to  obtain  a  reliable  check.  Fig.  4  presents  the  result¬ 
ing  surface  fj,-field.  .As  can  be  seen,  the  f,j-field  has  signifi¬ 
cant  nonzero  content.  The  extent  of  the  corresponding  £,-field 
was  much  broader  than  that  of  the  modal  solution. 

While  the  three-dimensional  plots  are  good  for  determining 
the  overall  trend  and  elucidating  the  general  shape  of  curves. 
It  IS  often  difficult  to  use  them  to  get  specific  information 
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Fig  3.  Surface  f.j-field  from  hy  bnd  test  of  .AS-2  solution. 
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as- 1  .  Oi«ECT  test 

Fig.  4.  Surface  A'^-field  from  direct  test  of  ,AS-1  solulion. 


about  a  single  point  or  constant  coordinate  cut.  The  point  of 
interest  may,  for  example,  be  hidden  behind  a  peak  which  ob- 
scures  it  from  view.  Accordingly,  Fig.  .s  is  a  graph  of  the  result¬ 
ant  £',-field  along  the  <J  =  0  cut.  i.e,,  through  the  slot  and 
along  the  cylinder  axis.  There  are  several  features  of  interest 
here. 

1)  The  analytic  solution  predicts  well  the  expected  dis¬ 
continuity  in  E,. 

3)  The  .AS-3  and  AS-3  solutions  checked  with  the  hybnd 
computation  are  indistinguishable  from  one  another.  Their  £,- 
field  IS  slightly  more  spread  than  that  of  the  analytic  solution. 

3)  The  .AS-1  solution  with  a  direct  test  does  attain  the  de- 
ir  bape  curve,  however,  it  has  significant  E,  content  over  a 
m.  Tgjf  region  than  either  the  AS-3  or  AS-3  solutions 
(wheie*. ,  should  be  zero). 

4)  The  direct  computation  applied  to  the  .AS-3  solution 
yields  a  sharp  peak  at  the  edge  of  the  slot.  The  large  field 
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values  extend  outside  the  slot  resuon  '*'hete  the  field  should  go 
to  zero 

The  three  dimensional  plots  concealed  the  local  behavior  at 
the  edge  of  the  slot  resulting  from  a  direct  computation  of  the 
AS-^  solution  This  d>  =  0  cut.  however,  shows  dramatically 
the  improvement  when  a  hybrid  computation  is  used 

DISCL  SSION  OF  f -FIELD  TEST 

In  the  beginning  it  was  hoped  that  the  A'-field  test  would 
provide  a  means  of  reliably  judging  the  accuracy  of  the  asymp¬ 
totic  solutions. 

The  resulting  f-field  after  performance  of  the  test  does  pro¬ 
vide  a  good  ijualifative  measure  of  how  well  the  asymptotic 
solution  satisfies  the  /'-field  boundary  condition.  Indeed,  ap¬ 
plication  of  the  test  to  the  transform  of  the  exact  modal  solu¬ 
tion  did  result  in  fields  that  satisfied  the  boundarv  condition 
ijuite  well.  In  addition,  application  of  the  test  t  ximate 

asymptotic  solutions  showed  that  they  did  nut  .  t  ..  veil  as 
the  exact  solution.  In  this  respect,  the  f-field  test  does  provide 
a  good  "global  test"  of  a  proposed  solution,  i.e  .  if  the  solution 
IS  accurate  everywhere,  the  solution  will  show  good  results 
from  the  test. 

On  the  other  hand,  when  comparing  the  relative  accuracy 
of  approximate  solutions,  the  source-region  behavior  appears 
to  be  more  critical  for  satisfaction  of  the  test  than  the  large 
path  length  behavior-asymptotic  solutions  that  contain  higher 
order  terms  ( I  r*.  I  I'^l  in  the  source  region  //-field  do  satisfy 
the  f-field  test  better  than  solutions  that  contain  only  terms 
on  the  order  of  1  s  The  large  path  length  behavior  did  not  ap¬ 
preciably  affect  the  test  results.  If  the  source  region  behavior 
was  the  same  ( for  a  limiting  case),  then  a  solution  that  decayed 
as  1  5  tested  essentially  the  same  as  a  solution  that  decayed  as 
1,'vr  In  fact,  the  surface  /'-fields  that  resulte.l  were  indistin¬ 
guishable  when  graphed,  though  there  were  tlighf  numerical 
differences.  In  general,  it  seemed  that  the  energy  contained  in 
the  long  path  length  region  was  so  small  compared  to  the 
source  region  energy  that  its  effect  of  the  results  was  negligible. 


o' 

This  IS  not  surpnsing  in  view  the  nature  of  the  /-Iield  test. 
1  e  .  based  on  an  integral  of  the  surface  //-lields 

Emphasis  ol  the  source  region  is  not  necessarily  detnmental 
to  the  /-field  test,  for  it  is  likely  that  the  source  region  will 
heavily  influence  the  computation  of  values  of  physical  pa¬ 
rameters  of  interest,  such  as  the  mutual  impedance  between 
two  slots  on  a  cursed  surlace  Wire  antennas  ’•  vide  a  good 
analogy,  for  the  source  region  behavior  dominate'  calculation 
of  the  self-  and  iiiutual-iinpedance  and  the  current  behavior  at 
the  end  plays  less  of  a  role  .An  Z'-tield  boundary  condition 
check  of  a  wire  antenna  wnuld  be  little  influenced  by  the  cur¬ 
rent  far  away  from  the  source  but  would  be  source  region 
sensitive  It  is  not  surprising  then,  that  the  /'-field  check  re¬ 
veals  little  about  the  local  character  of  solution  but  instead 
provides  more  of  a  global  test.  The  point  should  be  made, 
however,  that  a  large  path  length  solution  for  the  antenna  cur¬ 
rent  would  probably  be  of  very  limited  use  since  both  the  im¬ 
pedance  behavior  and  the  radiation  pattern  denved  from  this 
type  of  asymptotic  solution  would  be  grossly  in  error  The  /'- 
field  test  proposed  in  this  paper  is  able  to  distinguish  between 
a  solution  which  has  a  better  overall  behavior  on  the  entire  sur¬ 
face  and  an  alternate  solution  which  is  only  good  in  local  iso¬ 
lated  regions  but  has  large  errois  in  other  regions  where  the 
current  is  significant. 

Sesme  numencal  difficulties  were  encountered  dunng  execu¬ 
tion  of  the  test.  The  high-order  source-region  terms  made  it 
quite  difficult  for  the  FFT  to  accurately  compute  the  integral 
involved.  Since  use  of  the  FFT  requires  equally  spaced  samphng 
over  the  interval,  a  sampling  sufficient  to  accurately  evaluate 
the  peak  resulted  in  matrix  sizes  too  large  for  some  computers 
iCDC  CTBER  '4,  for  example'  For  solutions  whose  source- 
region  behavior  went  to  a  planar-type  singularity  in  the  limit, 
however,  analytic  evaluation  of  the  planar  spectrum  allowed 
completion  of  the  test  A  solution  which  contains  higher  order 
source-region  terms  but  does  not  go  to  planar-type  behavior  in 
the  limit  will  be  quite  difficult  to  test  by  this  method  unless  it 
has  an  analytical  transform  lor  unless  the  investigator  has  an 
extraordinarily  large  computerl.  However,  such  a  behavior 
would  not  be  expected  to  be  physically  meaningful  anyhow 
The  second  solution  |5l-(bl  is  a  good  example  of  this,  for 
It  contains  the  I  s*  source  region  term,  but  not  the  1  term 
This  solution  could  be  tested  by  modifying  its  source-region 
behavior  by  ihe  addition  of  the  I  term  and  performing  a 
hybnd  computation.  This  has  not  been  done  since  comparison 
of  the  .AS-?  and  .AS-'  tests  indicate  that  solutions  w  ith  the  same 
limiting  source-region  behavior  will  yield  virtually  identical  /'- 
field  tests. 

To  sum  up.  It  appears  that  the  /-iield  test  can  provide  a 
measure  of  the  accuracy  of  a  proposed  asymptotic  solution. 
An  FFT  is  employed  so  that  Ihe  evaluation  of  the  integrals  in¬ 
volved  may  be  efficiently  performed,  but  some  care  must  still 
be  taken  in  the  computation.  The  test  reveals  that  solutions 
which  have  planar-type  source-region  behavior  in  the  limit 
satisfy  the  /'-field  boundary  condition  better  than  those  that 
only  have  terms  on  the  order  of  I  r.  The  test  is.  however,  rela¬ 
tively  insensitive  to  the  large  path-length  behavior  of  a  solution. 
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Th«  problem  of  raOiation  from  souiyci  in  vhe  pre»«nc»  of  sraiH’ih,  ironve.x.  impenerrable  objcci* 
la  coDsidereO.  anJ  a  hncf  survey  of  vanous  bvgb  frey^ueircv  tcchnique.s  is  pre.venieO  .V  lencraliaaiiyyn 
of  the  icomeincal  theory  of  Jtffractioa.  aod  two  new  techm^ues  based  on  the  spectral  domain 
approach  and  an  asymptotic  evaluation  of  ihe  radiation  inte(ial  fsir  the  surface  current,  also  arc 
discussed  Some  numerical  results  denved  from  the  spectral  domain  formulas  are  presented  and 
a  companson  with  available  theoretical  and  espenmenial  data  is  included 


1  INTRODUCTION 

The  problems  of  radiation  from  sources  in  the 
presence  of  unpenetrable  smooth  convc.x  objects 
and  the  diffraction  of  a  plane  wave  by  such  objects 
are  of  great  practical  interest  in  the  design  of 
antennas  on  structures,  e.g..  conformal  arrays. 
Unfortunately,  the  exact  analytical  solutions  to 
these  problems,  based  on  the  methods  of  “separa¬ 
tion  of  vanables"  or  "function-theoretic"  proce¬ 
dures  fWiener-Hopf  technique,  residue  c.xlculus. 
etc.),  exist  only  for  a  very  limited  number  of 
scattenng  geometnes.  Furthermore,  the  exact  solu¬ 
tions  are  typically  highly  complex  in  nature:  hence, 
the  process  of  extracting  numerical  results  from 
them  can  be  very  ttme-consuimng  and  is  by  no 
means  trivial.  This  situation  has  motivated  many 
researchers  to  explore  approaches  to  the  problems 
of  radiation  and  scattering  from  smooth  convex 
structures. 

In  the  low  and  resonant  frequency  ranges,  several 
reliable  numerical  procedures,  e.g..  the  moment 
method,  are  available  for  solving  the  radiation  and 
scattenng  problems.  However,  in  the  high  fre¬ 
quency  domain,  numencal  techmques  based  on 
matnx  methods  become  unwieldy  if  not  impracti¬ 
cal.  prompting  one  to  employ  asymptotic  techniques 
suitable  for  large  k  2it/\).  where  \  is  the 
wavelength  of  the  illuminating  wave. 

In  this  work,  we  begin  by  presenting,  in  section 
2.  a  survey  of  vanuus  high  frequency  asymptotic 
techniques  for  the  problem  stated  above .  The  survey 
is  necessanly  brief,  and  covers  only  the  lughlights 
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of  a  number  of  imponant  approaches  to  the  problem 
at  hand,  namely,  Fock's  iheorv.  ihe  geomemcal 
theory  of  diffraction  iGTD),  and  the  direct  integral 
equation  approach.  The  reader  interested  in  further 
details  may  chiiose  to  consult  the  works  of  ffoKman 
et  al.  (I')b‘>|.  i'slfnt^hi  (l'>721.  and  KouvoumiiLin 
(lOftfi. 

In  section  3.  we  consider  the  generaliaaiion  of 
GTD  and  present  some  new  approaches  to  the 
curved  surface  radiation  and  scattenng  problems 
Some  numenc.tl  results  based  on  one  of  these  new 
approaches  are  presented  in  section  3,  and  a  com¬ 
panson  with  other  available  method.s  is  included. 

:  SURVEY  OF  VVXlL.VflLE  HlOU  FREQUENCY 
ASYMPTOTIC  TECHNIQUES 

2.1.  W'uison  triinstormdiwn.  One  of  Ihe  first 
successful  attempts  to  denve  an  asympioiic  expan¬ 
sion  for  the  far-field  generated  by  a  point  source 
located  in  the  proximity  of  a  conducting  surface 
was  made  by  H'aison  (1'>I,S|.  His  method,  essen¬ 
tially.  consisted  of  two  steps;  ja)  transforming  the 
onginal  infinite  .senes  solution  into  a  contc>ur  integral 
(by  Cauchy’s  residue  theorem);  jb)  deforming  the 
contour  of  integration  so  .is  to  capture  .i  set  of 
complex  poles  of  the  integrand  The  onginai  integral 
is  then  expressed  in  terms  of  an  infinite  senes  which 
converges  very  rapidly,  provided  the  observation 
point  is  in  the  shadow  region.  The  first  few  terms 
of  this  series  were  later  interpreted  os  "creeping 
waves."  The  method  was  first  applied  to  a  sphere 
and  circular  cylinder,  .ind  later  to  some  cither 
geometnes  as  well.  The  mathematical  ngor  of  the 
method  was  the  subject  of  further  investigations 
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by  other  researchers  Fischer.  l%t>; 

Cohen.  1%51 .  Although  the  Wa'son  trartsl'ormation 
caa  only  be  applied  to  a  tew  simple  geometries, 
e  g.,  the  sphere,  cylinder,  cone,  spheroid,  etc.,  it 
IS  still  regarded  as  one  of  the  cornerstones  of  the 
more  general  high  frequency  techniques  because 
of  ns  mathematical  ngur  The  Watson  transforma¬ 
tion  IS  especially  powerful  in  the  shadow  region 
of  the  geometric  optics  field.  In  the  In  region,  the 
above-mentioned  contour  integral  is  evaluated  using 
the  "stationary  phase"  method  and  yields  the  re¬ 
flected  field  from  the  surface.  In  this  region,  the 
most  significant  coniiibution  to  the  total  scattered 
field  typically  comes  from  the  surface  current 
induced  on  the  smooth  convex  part  of  the  object, 
the  so-called  "physical  optics"  approximation  can 
be  applied  [Crispin  and  Maffett.  1965;  5i>ge/.  1958; 
Siegel  et  ai.  1959]  to  derive  the  reflected  field. 
The  physical  optics  method  is  based  upon  appro.xi- 
mating  the  induced  surface  current  in  the  lit  region 
of  the  object  by  the  current  that  would  be  induced 
on  the  local  tangent  plane,  and  by  assuming  that 
the  surface  current  is  zero  in  the  shadow  region. 
The  far  field  is  constructed  by  substituting  the  above 
estimate  for  the  induced  surface  current  in  the 
integral  representation  of  the.  scattered  field,  and 
evaluating  the  .same  in  an  asymptotic  sense.  The 
dominant  term  of  the  asymptotic  expansion  of  this 
integral  can  be  shown  to  be  identical  to  the  first 
term  of  the  Luneberg- Kline  expansion  of  the  geo¬ 
metrical  optics  far  field  [Luneoerg.  1944;  Kline  and 
Kay.  1965).  However,  the  higher-order  terms 
derived  from  the  physical  optics  approach  do  not 
provide  us  with  correct  results  in  the  shadow  or 
transition  regions  where  the  diffracted  field  contrib¬ 
utes  the  most. 

In  the  next  section,  we  discuss  Fock's  theory', 
which  can  fill  the  gap  between  the  physical  optics 
in  the  lit  region  and  the  "creeping  wave"  repre¬ 
sentation  in  the  shadow  region. 

2.2.  Fock's  theory.  The  region  between  the  lit 
and  the  shadow  part  on  a  surface  is  called  the 
“penumbra  region."  The  angular  width  of  this 
region  is  approximately  given  by  '  where 

X  is  the  wavelength  of  the  illumination  and  is 
the  radius  of  curvature  of  the  surface  of  the  object 
in  this  region  in  the  incident  plane  (Figure  I).  Fock's 
theory  invokes  the  principle  of  the  local  character 
of  the  field  in  the  penumbra  region  [Fock.  1946a) 
and  is  based  on  the  conjecture  that  all  bodies  with 
a  smoothly  varying  curvature  have  the  same  current 
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distnbution  in  the  penumbra  region,  provided  that 
the  curvature  and  the  incident  wave  are  the  same 
near  the  point  under  consideration.  This  principle 
allows  one  to  locally  replace  the  surface  of  the 
object  by  a  portion  of  a  paraboloid  of  revolution. 
A  unique  feature  of  the  expressions  for  Fock 
currents  is  that  they  provide  a  convenient  trans¬ 
formation  of  the  geometric  optics  currents  in  the 
lit  region  into  the  creeping  wave  currents  in  the 
shadow  region.  Fock  himself  deduced  the  pertinent 
formulas  for  the  surface  currents  by  treating  a 
convex  body  problem  [FoeX-.  1946<j]  described 
below. 

Consider  a  convex  body  and  a  plane  wave  incident 
in  the  direction  of  the  .x  axis.  If  the  equation  of 
the  surface  is 

»  0  tu 

then  the  curve  representing  the  boundary  of  geo- 
metncal  shadow  is  given  by 

■y' 

/ 1  r )  =«  0,  -  *  0  (2i 

lit 

Consider  a  point  O  on  the  boundary  of  the  shadow 
region  where  we  set  up  a  rectangular  coordinate 
system  as  shown  in  Figure  2  normal  to  the 
surface;  f:  in  the  direction  of  propagation;  and  i^ 
the  tangent  to  the  boundary  of  shadow).  In  the 
vicinity  of  this  point,  the  surface  of  the  body  could 
be  locally  replaced  by  a  paraboloid  of  revolution 
which  1$  expressed  by  the  equation. 

r  +  1 1  28ut‘  *■  Zhxv  *■  o  ’)  «  0 


(3) 
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H,  =  «>  “  'i'  (9) 

where  H']  is  the  magnitude  of  the  incident  wave 
at  infinity,  then  'K  must  satisfy 

d*'!' ;  a.-‘ -  d'i' /  =  0  dO) 

with  boundary  condition 

a'i'  /  a;  -jk.  {ax  +  M’  +  I  /  V  n  )  'i'  =  0  (II) 

on  the  surface  of  the  body.  Equation  (11)  is  the 
simplified  version  of  the  Leontovich  boundary 
condition  where 
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Fig  2  PUne  wave  incident  upon  a  smooth  convex 
body. 

Each  of  the  field  components  satisfies  the  Helm¬ 
holtz  equation 

(V'  +  fc')'V  =  0  (4) 

The  fact  that  the  incident  wave  travels  along  the 
X  axis  suggests  that  'I'  be  written  in  the  form 

vj,  »  qi,-'*. 

where  an  exp(ju)r)  time  dependence  has  been  as¬ 
sumed.  Substituting  (S)  in  (4)  gives 

v-'i' -  2>iit(a/a.r)'i' =  0  (6) 

At  this  point,  two  basic  assumptions  are  intro¬ 
duced  in  Fock’s theory,  namely,  (i)'i''sare  relatively 
slowly  varying  functions  of  coordinates,  (ii)'i'  vanes 
more  rapidly  in  the  ;  direction  than  in  .(  and  y. 
i.e., 

i.ofi+y  ‘±.o(u). 

d:  \m  /  d.x  \m  / 


Based  upon  (7>,  we  can  write  (6)  as 

-  2jkd'i'/ax  =:  0  |S) 

and  consequently  m’  =  m'  {m  is  very  large),  where 
the  terms  of  relative  order  1  /rn‘  have  been  omitted. 

Inserting  these  estimates  and  assumptions  into 
the  Maxwell’s  equation,  we  can  find  some  simple 
expressions  for  all  the  field  components  in  terms 
of  W,  and  H,.  If  we  write  //,  as 


The  final  solution  for  //,  on  the  surface  of  the 
body,  which  satisfies  the  boundary  condition  and 
the  condition  at  infinity,  may  be  written  in  the  form 

H,  =  //:’ G(t,q)  (12) 

where 

H"  =  external  field 

G(i.q)  -  e  ”  f,(t.i?) 

F, (4. (/)  =  Fock  function  defined  in  ihe  appendix  .\ 

4  =  mij.i  +  bv\  =  reduced  distance  from  the 
shadow  boundary  s  // J 

m  =  (*r„,  2)1  m  'is  the  angular  width  of  pen¬ 
umbra  region 

J  «  the  width  of  penumbra  region  »  (2r,;,  *;)'  > 
t  »  distance  between  ihe  observation  point  and 
the  shadow  bounary  along  ihe  incident  ray 

(Figure  fi  _  ^ _ 

s  -im/\  n  »  -{j  ■  \  n)  \  k/la  t*  0  for 
conducting  body) 

The  other  tangential  component  of  the  magnetic 
field  H,  on  the  surface  of  the  body  can  be  obtained 
in  a  similar  manner 


Fig  3  Ucometnc  meaning  of  the  quantitv  /ui  il2l 
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Fig.  4.  Coordinates  of  observation  point  in  terms  of 
%  and 


=  (13) 

where  /(^)  is  another  Fock  function  defined  in 
appendix  A.  Fock’s  formulas  not  only  give  the 
surface  value  of  the  field,  but  also  can  be  utilized 
to  find  the  field  in  the  proximity  of  the  object. 
For  a  plane  wave  incidence,  the  first  order,  i.e., 
O  ( 1  /  m)  terms  for  the  scattered  field  within  a  certain 
layer  around  the  object,  can  be  written  as 

//.  =  0.  = 


Fig.  5.  Path  of  miegration  for  (15;  in  the  complex 
I -plane. 

the  shadow  region  by  introducing  some  modifica¬ 
tions  in  the  definition  of  parameter  Goodrich 
[1959]  has  generalized  the  argument  used  by  Fock 
in  the  penumbra  region  to  anywhere  in  the  shadow 
region  by  introducing  a  new  set  of  variables,  §  and 
for  the  incremental  distances  along  the  path 
leading  into  the  shadow  region.  In  this  generali¬ 
zation,  the  parameter  §  as  defined  in  ( 12)  is  replaced 
by 


£.  =  E,  =  H,.  E,  =  -H, 

where 

i  =  2am’(r  +  (I/2)(ax‘  -t-  2bxy  -t-  cy^ll 

=  reduced  height  from  the  surface  of  the  body  (see 
Figure  4), 


1 14)  where  s  is  the  arc  length  along  the  geodesics  which 
originate  from  the  shadow  boundary  and  go  into 
the  shadow  region  along  the  surface,  and  R{s)  is 
the  radius  of  curvature  of  the  surface  along  the 
geodesics.  For  the  case  of  a  circular  cylinder  of 
radius  a  (Figure  6),  the  expression  of  i  simplifies 
to 

^  =  (ka/2)‘‘^  =  s/d  (17) 


J  e 


w;(t)  -  qw,{{) 
w'^U)  -  qw^{t) 


w,(/  -  0 


-y« 


dr 


2V  IT 
Wi  (t  -  0 


w, (/-{)- 


■Vilr) 


dr 


(15) 


,,(Foek)  , 


^(Goodrich) 
f  as 


The  path  of  integration  for  <t>  and  'i'  is  shown  in 
Figure  5. 

fi'ld  .‘components  in  pig.  5.  Comparison  between  the  vanousdefimuons  of  parameter 


the  penumbra  region  (|  *=  0)  can  be  extended  to 


{  for  the  case  of  a  circular  cylinder 
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Fock  also  treated  the  case  where  the  point  source 
was  very  close  to  the  surface  of  the  body.  He 
analyzed  the  radiation  of  electric  dipoles  near  a 
spherical  model  of  the  earth  [AocA.  1945)  and 
derived  the  formulas  for  the  scattered  Helds  in  terms 
of  functions  (attenuation  functions)  similar  to  >i> 
and  'i',  which  are  valid  both  in  the  shadow  and 
transition  regions  [/-ogun  uniJ  Yee.  1962).  Fock's 
assumptions  were  later  proven  in  a  more  systematic 
and  mathematically  rigorous  manner  by  Cullen 
[1958)  and  Hong  (1967)  by  using  a  direct  integral 
equation  approach.  This  method  is  described  in  the 
next  section. 

2,3.  Direct  integral  equation  approaches.  This 
method,  which  is  closely  related  to  Fock’s  theory, 
can  be  illustrated  by  analyzing  the  diffraction  of 
a  plane  electromagnetic  wave  by  an  arbitrary  con¬ 
ducting  body  (large  compared  with  \).  Cullen  (1958) 
obtained  a  first-order  asymptotic  solution  to  the 
integral  equation  for  the  induced  surface  current 

j[r)  =  2htr)  X  (r)  -  ( 1  /  2-rt)n(r  ) 


iV(O.v)  to  the  V  =  0  curve  is  the  o  «  I)  curve 
The  quantities  atir.v),  A(it,v)  and  h(iT.v)  form  a 
right-hand  local  orthonormal  basis  in  =  ii  x  hi  as 
shown  in  Figure  7. 

Since  the  incident  field  has  a  phase  factor 
expl-yAiV(O.O)  •  r(ij.O)) ,  we  write  the  surface  cur¬ 
rent  in  the  form 

J\r}=  )/,,  (r)  iV(/ I  />(r  I  ft(r  l]  e  '''  (I*)) 

where  ir  is  the  arc  length  along  the  geodesic. 
Substituting  (19)  back  into  (18)  and  restricting  the 
resulting  equation  to  the  points  on  the  geodesic 
V  =  0,  we  obtain  two  coupled  two-dimensional 
integral  equations  for  /,  (ir.O)  and  /„(it.O).  It  can 
be  shown  that  these  integrals  have  saddle  points 
at  V  =  0  (for  the  v  integration).  .Applying  the 
“steepest  descent  path"  method  to  v  integration, 
and  keeping  the  terms  up  to  the  order  I  .V/,^.  w  here 
Af,i  =  [A:p,,(a,0)) '  we  obtain  the  following  decou¬ 
pled  one-dimensional.  Volterra-type  integral  equa¬ 
tions  for  /ft(4.0)  and 


1  d,t  {J{r  )x  Re  ) 

,18)  /.(CO)  =  :/r(C0) - 

jvj  K' 

J 

where  h(r)  is  the  outward  unit  normal  to  the  surface 
at  r.  //""■  (r)  is  the  incident  magnetic  field  on  the 
surface  (5)  of  the  body,  and  R  =  f  -  f'  (f'  is 
a  variable  point  on  the  surface). 

Fock  used  this  integral  equation  to  deduce  the 
important  pnnciple  of  local  character  of  the  field 
in  the  penumbra  region.  Cullen  derived  a  first-order 
asymptotic  solution  to  ( 18)  which  agreed  with  Fock's 
results  given  in  (12)  and  (13).  Cullen's  method 
consistsof  transforming  the  two-dimensional  integral 
equation  (18),  in  the  penumbra  region,  to  a  one- 
dimensionul.  Volterra-type  equation.  This  is  ac¬ 
complished  by  applying  the  stationary  pha.se  tech¬ 
nique  to  the  onginal  integral  while  integrating  with 
respect  to  one  of  the  variables.  The  resulting  one- 
dimensional  Volterra  equation  is  then  solved  in 
Cullen’s  method  by  the  Fourier  transform  tech¬ 
nique.  .A  similar  procedure  was  used  by  Hong  )  I9p7) 
to  analyze,  asymptotically,  the  diffraction  of  elec¬ 
tromagnetic  and  acoustic  plane  waves  by  smooth 
convex  bodies.  We  will  now  proceed  to  explain 
Hong’s  method  in  a  little  more  detail  by  referring 
back,  once  again,  to  the  integral  equation  (18).  The 
surface  is  parameterized  by  the  geodesic  coordinate 
system  (ir.v)  such  that  the  shadow  boundary  for 
the  incident  plane  wave  traveling  along  the  tangent 


+  0(.u„') 

/,(i.o)  =  :  /r  (t.o)  -  j  dr  /,(5.o)  A',(t  -  T) 

-0(.V/.,')  (20) 

(),((T.v)  is  the  radius  of  curvature  of  the  surface 


Geodesics 

I 


Tig  ■'  Geodelie  coordinate  svsiem  on  a  smooth  convex  hv'dv 
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along geoUesics  (v  =  constant  curves)  at  point  (o.v) 

Solving  (20)  by  Founcr  transforms,  we  obtain 
the  expresston  for  the  inUuce<i  currents  in  the 
penumbra  and  shadow  regions,  and  the  first-order 
solutions  are  found  to  be  the  same  as  those  of 
Fock  and  GTD  [Lew  and  Ktiler.  I'JSd) .  One  of 
the  important  conclusions  drawn  from  Hong's  solu¬ 
tion  IS  that  the  leading  term  in  the  asymptotic 
expansion,  which  is  the  same  for  the  acoustic  and 
electromagnetic  problems,  is  independent  of  curva¬ 
ture  in  the  direction  transverse  to  the  geodesic, 
provided  the  divergence  factor  is  suppressed. 
However,  we  should  bear  in  mind  that  Hong's 
method  was  designed  for  the  case  of  axial  incidence 
on  symmetric  objects,  and  in  this  case,  the  geodesics 
arc  torsionlcss.  The  above  conclusion  does  not  seem 
to  be  valid  in  the  eases  where  the  rays  have  nonzero 
torsion  [Lee  and  Safavt-Sami.  1976.  1978).  In 
Hong's  expressions  for  the  surface  current,  the 
transverse  curvature  has  only  a  second-order  effect. 
It  was  also  shown  that  up  to  the  terms  of  order 
(^•p„)  *'  ’in  the  asymptotic  expansion,  the  tangential 
and  binormal  components  of  the  creeping  waves 
are  not  coupled. 

Both  Fock's  theory  and  the  direct  integral  equa¬ 
tion  approach  give  the  induced  surface  current,  or 
the  scattered  field  in  the  neighborhood  of  the  surface 
of  the  scatterer,  due  to  an  incident  plane  wave 
These  expressions  can  also  be  used  to  derive  the 
radiated  field  via  the  use  of  the  reciprocity  theorem. 

The  methods  which  have  been  discussed  thus 
far  are  mathematically  rigorous.  However,  they  are 
limited  in  the  scope  of  their  application  to  geometries 
satisfying  some  special  smoothness  and  symmetry 
catena.  Geometneal  theory  of  diffraction,  which 
we  discuss  in  the  next  section,  has  a  broader  scope, 
although  It  does  lack  the  mathematical  rigor  of 
approaches  described  until  now. 

2.4.  Geometrical  theory  of  diffraction  (GTD). 
Geometneal  theory  of  diffraction  (GTD),  developed 
by  J.  B.  Keller  [Lew  and  Keller.  1959;  Keller, 
1956.  1957;  Kouyoumjian,  1975;  Pathak  and 
Kouyoumjian.  1972) ,  is  a  generalization  of  geomet¬ 
rical  optics.  It  is  based  upon  the  assumption  that 
fields  propagate  along  rays.  Keller's  major  contri¬ 
bution  was  to  introduce  the  new  kinds  of  rays  called 
the  "diffracted  rays,"  which,  together  with  the 
geometneal  optics  rays,  constitute  the  total  field. 
In  our  problem,  namely,  a  source  radiating  in  the 
proximity  of  the  smooth  object,  the  diffracted  rays 
travel  along  the  curves  on  the  surface  of  the 


scatterer.  By  applying  Fermat's  principle  to  these 
surface  rays,  we  conclude  that  the  above-mentioned 
curves  should  be  geodesics  on  the  surface  of  the 
body.  In  the  GTD  procedure,  one  assigns  a  value 
to  the  field  along  each  of  these  surface  rays.  The 
total  field  at  any  point  in  the  space  is  the  sum 
of  the  fields  due  to  vanous  rays  (incident,  refiected. 
and  diffracted)  passing  through  that  point.  .An 
important  advantage  of  the  GTD  approach  is  that 
It  can  be  applied  to  both  scalar  (acoustic)  and  vector 
(electromagnetic)  problems  and  to  smooth  convex 
objects  of  an  arbitrary  .shape. 

Consider  the  problem  of  determining  the  radiated 
field  of  a  scalar  point  source  located  on  the  surface 
of  a  smooth  convex  opaque  body.  If  the  observation 
point  is  in  the  shadow  region,  the  ray  paths  onginai- 
ing  at  Q  and  reaching  P  (observation  point)  are 
comprised  of  two  sections.  One  of  these  sections 
follows  the  straight  line  path  P^P.  while  the  other 
travels  along  a  geodesic  on  the  surface  (Figure  S). 
Let  us  consider  the  propagation  of  the  field  along 
each  section  separately. 

(a)  Rays  in  free  space:  Behavior  of  the  fields 
along  these  rays  can  be  determined  by  obtaining 
a  high  frequency  asymptotic  solution  to  Maxwell's 
equation  in  a  source-free  homogeneous  isotropic 
medium.  We  begin  with  the  Luneburg-Kline 
asymptotic  expansion  of  the  electnc  field  [Lane- 
berf.  1944;  Kline  and  Kav.  1965): 

E{f)'-k'e  ^  (jfi  "e^tr)  (21) 

and  insert  it  into  Maxwell's  equations  This  results 
in  the  following  equations  governing  the  propagation 
of  electromagnetic  fields  along  the  rays. 

(r6'(r)|‘’«  1  (Eikonal  equation)  (22) 

2(VS*  V)e,  +  (V\y)e,  -  -  V'  e,  , 

(Transport  equation)  (22) 


Fi,  8  DttTraction  by  a  smooth  convex  boUv  when  the  obsen  a- 
lion  point  IS  in  the  shadow  region  of  the  source 


SOURCE  RADIATION 


V.f  V  •  ,  (Gauss's  Law!  (Nl 

«•'  ,  =  0,  m  =  0.  1.  2, 

The  zeroth-order  solution  to  the  above  system  of 
equations,  which  turns  out  to  be  in  agreement  with 
what  one  would  obtain  by  geometric  optics,  may 
be  wntten  as 


£(ir)  ~  f„t0)e  *’ 


Pil»; 


(Pi  *  (r)(p,  +  iT)  J 


(’5) 


where  u  is  the  distance  traveled  along  the  ray  from 
the  reference  point  0(0  =  0)  on  the  ray  path  (Figure 
9).  (1,  and  p,  are  the  principal  radii  of  curvature 
of  the  wavefront  at  a  =  0.  It  is  apparent  that  the 
expression  fails  when  a  =  -cr,  or  a  =  -p..  i.e.. 
at  the  caustic  lines  (Figure  9),  In  the  cases  where 
it  IS  convenient  to  choose  the  point  of  diffraction 
on  the  surface  of  a  body  as  the  reference  point 
O,  the  formula  (25)  should  be  modified  as  follows: 


£(<t1  ~  S„  |p,  (T(p  +  a)) '  (2(11 

In  these  cases,  the  point  of  diffraction  itself  is  a 
caustic,  and  p  is  the  distance  between  this  point 
and  the  second  caustic. 

(b)  Surface  rays:  These  rays  follow  the  surface 
S  along  the  geodesics  into  the  shadow  region,  and 
shed  energy  tangentially  as  they  propagate.  In  order 
to  study  the  behavior  of  the  field  along  with  these 
rays,  we  introduce  a  special  ray-fixed  coordinate 
system,  b.  n.  b.  with  a:  unit  vector  tangent  to  the 
ray:  ri:  outward  unit  normal  to  the  surface;  and 
/)  =  /  X  ri  or  binormal  direction;  a  vector  field 
can  be  decomposed  into  its  components  along  these 
unit  vectors  as 


E  =  E„<t  +  £,n  +  £,6 


(:■?) 


22J 


At  this  point,  several  important  assumptions  are 
introduced  in  the  GTD  approach  [l.evv  and  Keller. 
1959):  (i)  £  and  H  are  orthogonal  to  each  other 
and  to  the  ray.  (li)  Variation  of  the  phase  of  the 
field  along  the  ray  is  the  same  for  both  fields  (iii) 
£,  and  £„  propagate  independently,  and  £.  =  0. 
(iv)  satisfies  the  scalar  wave  equation  (V*  -i- 
k‘)  u  =  0  with  the  boundary  condition  u  =*  0  on 
the  surface  5.  while  £,  satisfies  the  same  equation 
with  the  boundary  condition  Du,  Dn  =  0. 

The  next  step  in  the  GTD  approach  is  to  conjec¬ 
ture,  on  the  basis  of  the  solution  to  some  canonical 
problems,  that  the  surface  field  propagating  along 
each  ray  is  compnsed  ol  an  infinite  sei  of  "modes  " 
.Along  a  ray-fixed  path.  GTD  assigns  a  complex 
value  to  each  component  ol'  the  field  associated 
with  the  individual  modes  The  propagation  of  this 
modal  field  is  descnbed  by  the  equation 


j  i<»i  »  .■«  (itic  ■  ‘ '  (2S) 

where  a  is  the  distance  between  an  arbitrarv  pi'ini 
along  the  ray  and  the  source  and  h,  is  the  phase 
of  the  field  at  the  source  point  Nexi.  invoking 
the  principle  of  conservation  of  energv  between 
two  adjacent  rays,  and  using  the  f.u'i  that  the  sjrlace 
rays  shed  energy  tangen'.iallv .  we  can  arrive  ai  the 
following  expression  for  uIiti 


11(17) 


j  >1  (i7  idiT  I 


OH) 


where  o(it)  is  the  “attenuation  constant."  K  is 
proportional  to  the  strength  of  the  source,  and  dvF  . 
dv^j  and  p  are  shown  in  Figure  10  The  quantiiv 
(d'l'i/lpd'F,)] '  ‘  indicates  the  "spreading  of  ihe 
surface  ray  tube"  as  it  travels  along  the  surface 
Equations  (2())  and  (29)  describe  the  laws  of  propa¬ 
gation  for  the  rays  which  originate  from  the  source 
point  Q,  arc  diffracted  at  £, ,  and  reach  the  observ  a- 


Fig.  1),  Diverging  pencil  of  rays  in  free  space 


Fig  10  Divergence  of  surface  tavs 
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tion  point  P.  To  complete  the  solution,  we  need 
to  determine  the  actual  values  ol  the  fields  from 
these  equations.  These  require  the  knowledge  of 
and  K.  which,  in  turn,  are  related  to  the  initial 
values  of  the  rays  and  /’,/*  as  well  as  the 
attenuation  constant  0(0).  The  initial  value  of  the 
field  at  Q  IS  related  to  the  strength  of  the  source 
by  T(0,  the  svvcalled  "launching  coefficient." 
while  the  initial  value  of  the  field  at  P^  is  related 
to  the  actual  field  on  the  surface  at  P^  through 
the  "diffractton  coefficient"  D(P^  1,  If  we  now  sum 
up  the  contnbutions  of  all  the  mv^es,  we  obtain 
the  final  solution  ( A.'ouvoum/iun.  Id75;  Pathak  and 
Kouvoumnan.  IdTZ]  for  the  field  radiated  in  the 
shadow  region  by  an  infinitesimal  magnetic  dipole 
of  strength  .v'f  located  on  a  smooth  convex  conduct¬ 
ing  body: 

f  ■'!/>)  .  .V>-  |h(0n(^,l/' lo'l 

(p  i(p  .t)l '  '  e  *'  (30a) 

where 


-jkf  *•’  /  d'F,  \'  •  *  , 

^  f.;K?)p;(/' 

4n  Vpd'F,  / 

-  I  rt  Vto '  >dc 


(30b) 


and  the  expression  for  G  is  obtained  by  replacing 
the  superscript  h  by  s  in  (,30bl,  where  h  and  .v  stand 
for  hard  and  soft  boundary  conditions,  namely, 
u  =  0  and  au  »  0,  respectively.  The  quantities 
\  D* ',  and  o^'*,  appealing  in  (30b),  in  general 
depend  upon  the  local  geometry  and  the  electro¬ 
magnetic  characteristic  of  the  surface,  frequency 
k.  and  the  mode  of  propagation.  They  are  deter¬ 
mined  by  studying  the  asymptotic  expansions  of 
the  exact  solutions  of  some  spectal  canontcal  prob¬ 
lems  Kellerand  Levy  [Levy  and  Keiler.  Ids*!;  Keller 
and  Levy.  Id5d|  have  derived  the  first  few  terms 
of  the  asymptottc  expansions  for  D  and  o  by 
considering  the  canonical  problems  of  scalar  dif¬ 
fraction  by  a  circular  cylinder,  sphere,  elliptical 
and  parabolic  cylinder.  .\  study  of  the  above-men¬ 
tioned  asymptotic  expansions  and  the  works  of 
Franz  and  Klante  (ld5d]  and  Voltmer  (IdTO],  who 
have  also  investigated  the  same  problem,  as  well 
as  a  companson  with  the  results  of  the  direct  integral 
equation  approach,  reveals  the  following  charac¬ 
teristics  of  the  solution:  (il  the  first-order  terms 


in  the  asymptotic  expansion  of  D  and  u  are  indepen¬ 
dent  ol  whether  the  problem  under  consideration 
is  scalar  or  vector,  (ii)  the  first-order  approximations 
of  D  and  u  are  dependent  only  on  p, .  the  radius 
of  curvature  of  the  surface  along  the  ray;  (ui)  the 
second-order  terms  are  functions  not  only  of  p , , 
but  also  of  dp,  do,  d'p,,,  do’,  and  p„,  (the  radius 
of  the  curvature  of  the  surface  transverse  to  the 
ray)  Finally,  the  higher-order  terms  are  different 
for  scalar  and  vector  problems. 

The  leading  terms  in  the  asymptotic  expansion 
of  "diffraction  coefficient"  D.  "aitentuatton  con¬ 
stant"  (»,  and  "launching  coefficient"  L  are  pre¬ 
sented  below. 
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and  -•fii-r^)  =  0,  .-ti't  -  r^)  «  0,  (.4)'  is  the  derivative 
of  .4i  with  respect  to  its  argument).  Higher-order 
terms  in  the  expansion  of  D.  a,  and  L  have  been 
given  by  Kouyoumjian  ll')'5)  and  Pathak  and 
Kouyoumjian  ll'*74)  and  in  some  of  the  other  works 
on  GTD  mentioned  earlier. 

The  expression  (30)  is  convenient  to  u.se  in  the 
shadow  region.  However,  in  the  shadow  part  of 
the  transition  region,  since  the  exponential  decay 
of  the  terms  in  (30)  is  weak,  the  convergence  of 
the  .series  representation  is  very  slow ,  Furthermore, 
the  senes  diverges  in  the  lit  pan  of  the  transition 
region.  Ccinsequently,  in  these  regions,  it  is  more 
reasonable  to  use  an  integral  representation  for  the 
surface  ray  field,  which,  in  our  case,  can  be  ex¬ 
pressed  in  terms  of  Fock  functions  [Koux  oumiian. 
1075). 
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Attempts  have  been  made  to  establish  the  mathe¬ 
matical  vabdity  of  GTD  and  to  mmunize  its 
■‘nondeductive  parts"  (parts  which  arc  based  upon 
physical  intuition  or  the  study  of  the  asymptotic 
solution  of  some  simple  problem  geometrical  con¬ 
cepts  of  different  kinds  of  rays,  diffraction  coeffi¬ 
cients.  attenuation  constants,  etc  ).  Kravtsov  (1964] 
and  Ludwig  1 1%6]  have  analyzed  the  field  near 
the  caustic  surface  (smooth  envelope  of  a  family 
of  rays),  and  have  developed  a  "uniform  asymptotic 
solution"  in  the  sense  that  it  is  finite  at  the  causinc 
and  reduces  to  geometrical  optics  away  from  the 
caustic. 

3  generalization  of  GTD  AND  '.sVESTIGATION 
OF  alternate  METFODS 

3.1.  Generaltzation  of  OTJ  to  arbitrate  sur¬ 
faces.  Keller’s  generalization  of  GTD  for  the  anal¬ 
ysts  of  the  field  diffracted  from  a  smooth  convex 
object  is  closely  related  to  what  is  known  as  the 
“boundary  layer  technique"  in  the  theory  of  dif¬ 
ferential  equations  [Buchal  and  Keller,  1960).  On 
the  other  hand,  the  "uniform  asymptotic  theory” 
is  analogous  to  the  method  used  by  Langer  [1960] 
and  Olver  (1956]  to  find  the  asymptotic  solutions 
of  the  second-order  differential  equations  near  their 
“turning  points,”  which  are  counterparts  of  the 
transition  regions  in  our  case  [Zauderer,  1970] . 

The  second  procedure  is  based  upon  the  generali¬ 
zation  of  the  geometrical  optical  interpretation  of 
the  circular  cylinder  problem.  The  solution  obtained 
by  this  method  involves  some  functions  with  un¬ 
known  phase  and  ampbtude,  similar  to  Bessel  and 
Hankel  functions.  Since  the  surface  of  a  smooth 
object  is  actually  the  caustic  surface  of  diffracted 
rays,  the  above-mentioned  formulation  is  appbcable 
in  this  case.  too.  Lewis  et  al.  (1967]  have  modified 
this  solution  to  make  it  satisfy  the  boundary  condi¬ 
tion  on  a  convex  body.  Using  ray  formalism,  they 
have  obtained  an  asymptotic  solution  in  a  compU- 
cated  form  which  they  call  “creeping  wave;”  it 
satisfies  the  boundary  condition  on  and  is  uniformly 
vabd  near  and  away  from  the  surface.  It  should 
be  mentioned  that  the  method  has  been  developed 
pnmarily  for  scalar  diffraction  problems. 

Creeping  waves  that  travel  on  the  surface  of  the 
body  generate  other  kinds  of  diffracted  rays  in  the 
presence  of  any  irregularities  in  the  geometric  or 
electromagnetic  characteristics  of  the  surface.  The 
effects  of  discontinuity  in  the  surface  curvature. 


Its  higher-order  derivatives,  or  the  surface  imped¬ 
ance  have  been  studied  by  many  authors  ]  Weston, 
1962;  Keller  and  Kaminetzky,  1972;  Thompson, 
1962;  Christiansen,  1966].  .An  exhaustive  study  of 
vanous  diffraction  mechanisms  and  corresponding 
diffraction  coefficients,  as  well  as  constants  asso¬ 
ciated  with  the  propagation  of  creeping  waves,  has 
been  carried  out  by  Albertsen  [1974] . 

At  this  point,  let  us  examine  the  most  important 
features  of  the  GTD  and  its  vanous  modifications. 
GTD  formulation  is  essentially  scalar  in  nature  and 
IS  heuristic  in  some  parts.  Thus,  when  GTD  is  applied 
to  a  vector  problem,  it  is  not  surprising  that  the 
coupling  between  various  components  of  the  fields 
are  neglected,  and  each  one  of  them  is  treated  as 
an  uncoupled  scalar  wave.  The  other  assumptions 
in  GTD  are  concerned  with  the  directions  of  these 
field  components  and  the  kind  of  boundary  condi¬ 
tions  they  satisfy  (see  section  2.4).  As  mentioned 
earber,  nondeductive  parts  of  GTD  are  based  on 
asymptotic  expansions  of  known  solutions  to  some 
selected  "canonical"  problems.  Quite  often  these 
canonical  problems  are  not  general  enough  to  de¬ 
scribe  fully  and  accurately  the  local  behavior  of 
the  field  for  an  arbitrary  structure.  Finally,  most 
of  the  canonical  problems  investigated  are  two- 
dimensional  in  nature.  The  only  exception  to  this 
is  the  sphere.  However,  insofar  as  the  geometric 
properties  of  the  surface  are  concerned,  the  sphere 
is  a  very  special  case  since  its  radius  of  curvature 
is  the  same  in  all  directions  and.  consequently,  the 
surface  rays  are  torsionless.  Finally.  GTD  fails  when 
the  observation  point  is  located  in  the  transition 
regions,  shadow  boundanes  or  in  the  neighborhood 
of  a  caustic.  In  each  of  these  regions,  one  needs 
to  modify  carefully  the  GTD  formulas  and  often 
such  a  modification  is  not  simple.  Nevertheless, 
in  spite  of  these  difficulties,  GTD  is  recognized 
to  be  a  powerful  high  frequency  technique  for 
computing  the  leading  terms  of  the  asymptotic 
solution.  Two  of  the  principal  attributes  of  GTD 
are  its  simplicity  and  wide  scope  of  application. 

3.2.  Spectral  domain  approach.  We  now  ex¬ 
amine  an  approach  different  from  GTD  which  uses 
the  spectrum  of  the  induced  current,  or  the  expres¬ 
sion  for  the  radiated  field,  as  a  starting  point.  In 
order  to  gain  a  better  insight  into  the  curved-surface 
radiation  and  scattering  problem  and  to  verify  the 
basic  assumptions  of  GTD,  it  is  worthwhile  to 
consider  such  alternative  approaches,  particularly 
if  they  apply  to  canonical  problems  which  are  more 
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Fig  II  O«oineir>  of  ihc  cvlinder  problem 

general  in  nature  than  those  employed  to  derive 
the  OTD  results.  .\n  example  of  such  a  study  would 
be  to  consider  the  case  of  surface  ray  propagation 
with  nonzero  torsion,  a  situation  that  occurs  when 
a  magnetic  dipole  source  radiates  from  a  location 
on  the  surface  of  a  circular  cylinder 
The  geometry  of  the  problem  is  shown  in  Figure 
1 1.  The  radius  of  the  cylinder  is  u  and  the  source, 
which  IS  an  inrinitesimal  magnetic  dipole  with  den¬ 
sity  .V/.  is  located  at  the  point  Q  described  by  the 
spherical  polar  coordinates  fr  =  o.  rt  =  do®.  »t)  = 
0®).  Each  point  P  on  the  surface  of  the  cylinder 
IS  defined  by  a  "geodetical  polar  coordinate”  system 
(cr.ii).  where  it  is  the  arc  length  of  the  geodesic 
connecting  Q  {o  P  and  (i  is  the  angle  between  ^ 
(at  point  (^)  and  geodesic  QP.  The  local  orthonormal 
basis  vectors  (iT.(i)  are  also  associated  with  these 
two  parameters.  The  observation  point  in  the  far 
field  is  specified  by  its  sphencal  polar  coordinates 
(r.H.iM.  The  radiated  field  at  an  arbitrary  point  can 
be  e.xpressed  in  terms  of  two  potentials.  't>  and 
'I',  which,  in  cylindncal  coordinates,  can  be  written 
as: 

d*  - —  X  *  **  I  f'Ak.)  dk, 

,r-.  J  . 

tr> 

'I' =•  —  V  e  "•  I  .<,(*,)«:•■(*, pie  *'di, 

J  . 

t?si 


For  the  problem  under  consideration,  we 
express  the  spectral  weight  coefficients  as 
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In  order  to  derive  an  asymptotic  expansion  of 
(37)  and  (38).  we  proceed  as  follows.  .As  a  first 
step,  we  apply  Watson’s  transformation  to  the 
infinite  summation  with  respect  to  n  and  emplov 
appropriate  asymptotic  formulas  for  Hank.el  func¬ 
tions  with  large  order  and  argument  to  derive  the 
following  expressions  for  (37)  and  (38)  under  the 
conditions  ihat  Aj  is  large  and  6  small  compared 
to  it; 


where 


IJ  =»  A,-'  *  k,  Ip  *  ij(ib  -  TT  2)1 
m  »  (A, a  2)'  ’ 

4,  s  m(6  -  TT  2) 

/«.  .e,  "  Fock's  functions  defined  in  appendix  .A 

and  Af,  »  components  of  M.  (.Af  •/!  =  ()) 

Next,  applying  the  saddle-point  technique  to  (42) 
and  (43)  and  keeping  only  the  first-order  terms, 
the  far  field  can  be  wntten  in  terms  of  its  compo¬ 
nents  along  the  normal  and  tangent  to  the  surface 
at  the  "stationary  pvMnt  ”  P^  as 
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P  »  ihe  »utionar>  poinl  ol'  O  which  turns  out  to  f'e 
the  same  as  the  point  ol'  Jil'l'raciion  predicted 
by  OTD 

4,.  »  t^j  2)1  >i'b  —  IT  2)  sin'  ’ t) 

t>,  ”  radius  of  cursature  of  geodesic  <JP, 

13  »  arc  length  QP, 

R  =  the  distance  between  the  point  of  diffraction  P, 
and  the  obsersation  point 
n.  »  IT,  X  3;.  normal  to  the  surface  at  P 

The  details  of  the  densations  of  (4-1)  and  (4.*')  are 
given  m  appendix  B 

Figure  12  illustrates  the  geometric  meaning  of 
some  of  the  parameters  appearing  in  (44)  and  (4.^). 
for  the  observation  point  located  in  the  shadow 
region  In  this  case,  which  is  identical  to  ^ 
given  in  (16).  is  the  reduced  distance  traveled  by 
the  surface  ray  before  leaving  the  surface  tangen¬ 
tially  . 


i-’ 
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In  the  lit  region,  the  geometric  interpretations 
of  iT  and  i  are  shown  in  Figure  l.V  The  rays,  like 
QP,P.  that  do  not  obey  ihe  generalued  Fermat’s 
principle  are  called  "pseudo-rays"  lA'oui  oum/icin. 
1475],  The  ray  QP,P  appears  to  travel  along  the 
surface  up  to  the  point  and  then  leav  es  the  surface 
at  P,  tangentially  tn  the  opposite  direction,  to  reach 
the  observation  point  P.  It  should  be  noted  that 
formulas  (44)  and  (4.*i)  give  us  the  contribution  of 
the  ray  which  travels  along  the  shortest  path  on 
the  surface  and.  thus,  suffers  the  least  attenuation 
It  IS  not  difficult  to  see  that,  in  general,  there  are 
infinitely  many  rays  which  contribute  to  the  total 
field  at  any  observation  point.  However,  their 
contributions  are  very  small  compared  to  that  of 
QP,  and  their  phases  and  amplitudes  can  be  deter¬ 
mined  in  a  similar  manner  (appendix  B).  Several 
other  remarks  on  the  formulas  given  in  (44)  and 
(45)  are  in  order: 

(a)  Numerical  results  indicate  that  gcx'd  agree¬ 
ment  between  (44).  (45).  and  the  exact  modal 
solution  IS  obtained  for  ka  >  10. 

(b)  The  zeroth-order  terms  in  the  asymptotic 
expansion  of  the  normal  component  of  the  field 
E  are  identical  to  those  given  by  GTD;  however, 
the  k  '  '  terms  deriv  ed  from  the  two  approaches 
are  ditYerent 

(c)  The  tangential  component  of  the  field,  i’,. 
given  by  (45).  also  is  different  from  the  corre¬ 
sponding  expression  based  on  GTD  by  a  multiplica¬ 
tive  polarization  factor.  Specifically. 

(.Vf  •  c>, ) 

fjin(45)»  - : -  (GTD)  (4o) 

L  (COS  3)(.W  •  It, )  J 

Con.sequently.  our  results  agree  with  GTD  only  for 
the  circumferential  ray.  i.e  .  for  3  =  0.  In  addition, 
for  an  axial  magnetic  dipole  (.\/  •  jr,  =  ()),  GTD 
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gives  a  nonzero  value  for  the  field  in  ihe  ■  direction; 
our  solution  predicts  that  this  field  is  identically 
zero,  a  result  which  is  in  complete  agreement  with 
the  exact  solution  for  the  problem. 

Yet  another  important  distinguishing  feature  of 
the  spectral  domain  formulas  from  the  corre¬ 
sponding  areas  based  on  GTD  is  worth  noting.  As 
mentioned  earlier.  GTD  neglects  the  effect  of  tor¬ 
sion  on  the  diffraction  of  surface  rays  propagating 
along  smooth  objects.  In  contrast,  the  spectral 
domain  formulas  ^441  and  (45)  indeed  exhibit  the 
effect  of  the  torsions  of  rays.  The  explicit  mani¬ 
festation  of  the  torsion  effect  can  be  seen  very 
clearly  if  we  write  these  formulas  in  the  following 
form: 
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I*  I 


r*  VI 1 1 

^  Jj 


.  .  te  *" 

(rp.M.'f  •|i,) - 
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Ui,,) 
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t/t 
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where  t  is  the  torsion  of  the  surface  ray.  In  the 
above  expression  the  effect  of  the  torsion  of  the 
surface  rays  has  been  isolated  and  explicitly  ex¬ 
pressed  as  additional  correcting  terms  to  the  GTD 
solution  for  torsionless  rays.  We  observe  that  these 
addittonal  terms  are  proportional  to  t  and  are  absent 
when  the  ray  is  torsionless  (t  =  0).  as  would  be 
expected. 

In  contrast  to  GTD,  formulas  (44)  and  (45)  are 
valid  irrespective  of  the  location  of  the  observation 
point,  be  It  in  the  lit.  shadow,  or  transition  regions. 
.Although  not  valid  in  the  para.xial  region  (3  =»  90”). 
they  can  be  generalized  to  work  along  this  direction 
also. 

Finally,  let  us  consider  the  possibility  of  the 
generalization  of  (44)  and  (45)  to  other  convex 
surfaces  of  more  general  nature.  By  "more  general" 
surfaces  we  mean  those  surfaces  which  are  not 
substantially  different  from  cylinders,  some  exam¬ 
ples  being  cylinders  with  noncircular  (elliptical, 
hyperbolic,  and  parabolic)  cross  sections  and  coni¬ 
cal  surfaces  with  small  apex  angles.  The  key  step 
in  a  systematic  approach  to  generalizing  (44)  and 
(45)  is  to  use  the  generalized  definition  of  ^  given 
in  ( 16). 


Figure  14  exhibits  some  initial  results  of  the 
generalization  of  these  formulas  to  the  case  of  a 
cone.  In  these  graphs,  the  Hughes  results  have  been 
reproduced  from  BarKelioies  et  iil.  [1975]  It  is 
evident  that  results  obtained  from  the  present  ap¬ 
proach  agree  quite  well  with  the  series  solution 
which  IS  rather  tedious  and  time-consuming.  We 
also  observe  from  Figure  14  (right)  that  there  is 
a  noticeable  discrepancy  between  the  analytical 
solution  and  the  e.xpenment.  Thus,  within  the  range 
of  experimental  error,  our  results  agree  quite  well 
with  those  published  in  the  literature. 

3.3.  Approach  based  on  an  asymptotic  e\atua- 
tion  of  the  radiation  integral  of  the  suiface  current. 
.As  a  final  topic,  we  consider  an  approach  based 
on  the  asymptotic  evaluation  of  the  radiation  integral 
expressed  in  terms  of  the  induced  surface  current 
which  is  Itself  denved  in  an  asv  mptotic  manner 
for  surfaces  with  large  radius  of  curvature. 

It  was  shown  in  section  2  that  Fock’s  theory 
can  provide  us  with  an  expression  for  the  scattered 
field  in  the  neighborhood  of  a  smooth  convex  body 
illuminated  by  a  plane  wave.  Using  this  solution 
in  conjunction  with  the  reciprocity  principle,  we 
can  find  the  far  field  radiated  by  a  point  source 
located  on  the  surface  of  the  body.  By  generalizing 
the  definition  of  ^  in  Fock's  theory,  we  can  also 
write  the  final  result  in  a  GTD  format  and  represent 
it  as  a  surface  ray.  The  total  field  at  a  point  on 
the  surface  is  obtained  by  adding  all  the  possible 
rays  which  reach  the  observation  point  P.  Various 
techniques  can  be  used  to  determine  the  field 
propagation  along  these  rays.  For  instance,  when 
the  source  is  located  on  the  surface  and  the  surface 
is  a  conical  one,  the  field  at  each  point  can  be 
decomposed  into  two  parts: 

/■'  =  F,  *  F.  (47) 

where  F,  is  the  geometrical  optics  field  when  the 
observation  point  is  directly  illuminated  by  the 
source,  and  is  the  creeping-wave  contnbution 
derivable  via  an  extension  of  Fock’s  theory  when 
the  point  is  in  the  shadow  regton.  The  other  term, 
fj,  is  the  so-called  ttp  contnbution,  and  can  be 
obtained  by  physical  optics  or  GTD.  Goodrich  et 
al.  (1959|  have  applied  this  procedure  to  find  the 
radiation  pattern  of  slot  arrays  on  cones. 

The  approximate  induced  surface  current  dis¬ 
tribution  can  be  obtained  by  Fock's  theory.  GTD 
(foci:.  1945,  1946a,h;  Kouvoumuan.  1975)  or  some 
other  appropriate  high  frequency  technique.  The 
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Fig  14  Comparison  between  spectral  vlomatn  results  (LT).  m<.Hial  approach  iHughes).  anU  expenmenta!  mcasuremcats  (Hughes). 
The  UI  results  arc  derived  from  a  generalized  version  of  (44)  and  t4M  for  a  cone  The  Hughes  results  have  been  reproduced 
fror  Barteliotes  er  a/  (1975)  and  are  based  on  a  m^xlal  series  of  13  terms  All  results  are  for  \  '2  radial  slot  on  a  cone 
of  ^  t-angie  10®  (Left)  d>  »  90®  cut  (Middle)  «  220^  cut  (Right)  6  »  40®  cut  illustrating  the  discrepancy  between  theoretical 
(Hughes)  and  expenmenial  (Hughes)  presurrably  attributable  to  cxpenmcntal  error 


inducf  1  surface  current  due  to  a  magnetic  dipole 
on  a  perfectly  conducting  circular  cylinder  and  cone 
has  been  calculated  by  Chang  et  al.  [1976],  and 
Chan  et  al.  [1977]  whose  procedure  is  based  upon 
an  asymptotic  expansion  of  the  exact  modal  solution 
to  the  above-mentioned  problems.  Lee  et  al.  [Lee 
and  Mittra,  1977;  Lee  and  Safavi-Saini,  1978]  have 
treated  the  same  problem  by  a  method  based  on 
Fock’s  asymptotic  solution  of  the  problem  of  a 
sphere  [Fock.  1949],  These  expressions  for  the 
current  distribution  can  be  used  in  the  radiation 
integral  representation  of  the  far  field. 

The  numerical  evaluation  of  this  integral  is  a 
formidable  task,  especially  when  the  frequency  is 
very  high.  Thus,  it  is  highly  desirable  to  have  an 
analytical  and  explicit  formula  for  the  far  field 
expressed  m  terms  of  the  surface  current.  We  now 
discuss  an  approach  for  accomplishing  this  task 
and  examine  the  problem  of  deriving  an  asymptotic 
expansion  of  the  far  field  radiated  due  to  a  point 
source  located  on  the  surface  of  a  smooth,  conduct¬ 
ing,  and  convex  body  of  an  arbitrary  shape. 

Consider  an  arbitrary  smooth  convex  surface  S 
shown  in  Figure  15.  Let  a  magnetic  dipole  source 
be  located  at  a  point  Q  on  S.  We  parametenze 
the  surface  S  introducing  a  "geodetical  polar  coor¬ 
dinate"  system  with  the  pole  located  at  Q  such 
that  an  arbitrary  pomt  P,  on  the  surface  is  defined 
by  a  pair  of  numbers  (cr.P),  where  a  is  the  arc 
length  of  the  geodesic  QP^  and  p  is  the  angle  between 


QP^  and  some  reference  direction  at  Q.  Unit  vectors 
along  the  constant  parameter  curves  a  and  p  are 
locally  orthogonal.  The  unit  normal  to  the  surface, 
ri.  IS  given  by  /i  =  a  x  p.  .An  element  of  length 
in  this  coordinate  system  may  be  written  as 

dj‘  =  da'  G  JP'  (48) 

The  radiation  integral  for  the  scattered  far  field 
can  be  written  as 

P  Cbsefvo’ion 


Fig  15  Source  radiation  in  t)te  presence  ol  a  smootli  convex 
surface,  parametenred  8y  geodeiical  polar  coordinate  svsiem 
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where  K  is  Ihe  Jislance  between  .inv  pi'int  on  the 
suil.ice  and  the  nbservatu'n  point  In  the  geodetieal 
polar  oooiJinate  s\  stent,  we  can  rewrite  a  soalar 
component  ol  (44),  say  A^,  in  terms  o(  a  double 
integral  ol  the  I'ollowinji  general  fornt 


)•.  /  1 

^  i‘»‘ 

a  1  /  ■' 

1 

( r 

i*i» 

1 

P. 

♦  <1. 

P 

.r’(» 

\ 

I'") 

i'-  1 

(V.si 

where 


c\p|  (HiR  »  lit) 

A  (ii —  A  ('  dll  iJ|I 
K 


(?0l 


where  we  have  assumed  the  follow ing  form  for 
the  surface  current 

J{l\)  ”  ('(/’,  Icvpi  /A|i''  “  J."  *  /lb 

iMt 

V,  -  k  ik,.  k  -  :n/\.  k,  ■  0.  k,  <  k 

where  /'(/’,)  i-s  a  relatively  slowly  varying  function 
when  K.  the  tree-space  wave  number,  is  large  1  his 
assumption  is  based  up»’n  a  close  scrutiny  of  dif¬ 
ferent  asymptotic  formulas  Riven  for  the  induced 
surface  current 

When  the  observation  point  /’  is  located  m  the 
shadow  region,  the  main  contribution  to  (.'<('1  comes 
trom  a  small  neighborhood  of  the  stationary  point 
of  the  integrand,  and  the  stationary  phase  method 
for  multiple  integrals  \k'htik<i.  .  .lont.x iirui  Kltnc. 
IdAS]  IS  applicable  The  asymptotic  expansion  of 
(44)  has  been  derived  up  to  the  order  of  k 
The  details  of  calculation  can  be  found  in  appendix 
C'  The  final  result  is 


A'  ■  (  .’tn  )  |(  „  t  r,  r  0[k  "  *)| 
where 


f  „ 


I*. 

At  ( At  +  )', ) 


c 


A  I  "  I  I  t-An  ♦  (>•  do )(/,  c )c  ‘"l|t  f  (At/,  •  i7.  )m1 


(/>,.*'  ‘I  In,  (At  .  )..)/tl'  'c  (M) 

-  c  *  ‘r.'  “It  I /:)!(!  t))/  ’  (A') 

/>,  -  (  le  ' '  “I'l:  t)i  (i  :),..;  '  tvo 


•I.  II.  aiul  (’are  dependent  upon  geometric  proper¬ 
ties  of  the  surface  at  the  stationary  point  which 
turns  out  to  be  exactly  the  same  as  the  "point 
of  diffraction"  of  surface  rays  The  qiianiilies  .1. 
II.  and  (■  are  giyen  bv 


)>.  -  t.idiiis  ol  ctirvaiiirr  of  (he  geodesic 
I’.  ••  gciHlctic  radius  of  cuiv  alutc 

I''".  •  cocificiems  of  (he  second  lundainenial 

forni  of  ihe  siiil.ice  (.S’) 

.•\  geometric  mierpretaiion  of  these  paiameieis 
has  been  illustrated  in  I'lgure  In  It  is  evident  from 
this  figure  that  |)i^,  /t(A’  ♦  |i,  )|  '  ’  is  simply  the 
divergence  factor  of  the  rays  leaving  the  surface 
tangentially  at  the  point  of  dilftaciion  In  using 
formula  (.^M.  we  should  bear  m  mind  that  the  various 
terms  m  and  l\  are  not  of  the  same  order 
Tor  example,  in  the  deep  shadow  .  /  .  is  exponentially 
larger  than  /„ . 

The  formulas  given  tn  f.^hl  have  been  tested  and 
compared  with  other  available  soluiions  .-Vn  impor¬ 
tant  conclusu'n  derived  from  this  comparison  is 
that  although  the  meihvul  ol  radiation  integral  is 
based  on  less  restrictiv  e  assumptions,  it  is  peihaps 
not  as  useful  as  the  spectral  domain  approach 
because  the  stationary  point  of  the  phase  of  the 
integrand  in  (.''(1)  is  of  the  second  v’rder  and.  hence, 
the  asymptotic  expansion  of  this  integral  con- 
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verges  ra(her  slowly  except  when  <,|i,  is  verv  large 
( “•40  or  more). 


APPENDIX  X  UK  K  Pl'Nl  TIONS 

In  studies  ol'  radio  waxe  propagation  around  the 
earth  by  Van  der  Pol.  Bremmer.  Pryce.  Fock.  and 
others,  and  also  the  later  studies  of  diffraction  of 
electromagnetic  waves  by  certain  bvidies  of  revolu¬ 
tion  I .Vic^ti/.vc»n.  |4|0;  run  Jer  Pol.  1419.  1937; 
Pnee.  1953;  Pock.  19460. b.c.  Hail  and  ConJa. 
1959;  Wait.  1959.  Belktna.  1949,  Oonainov.  195R; 
Fock  el  ai.  1957;  Rtce.  1954].  a  class  of  universal 
functions  was  introduced  which  can  be  used  to 
predict  the  amplitude  and  the  phase  of  the  reflected 
or  diffracted  field  by  smooth  convex  surfaces  [Lo- 
gon  and  »e.  1962)  An  exhaustive  treatment  of 
these  functions  which,  in  general,  are  defined  as 
Fourier  integrals  having  combinations  of  Airy  inte¬ 
grals  in  their  integrands,  has  been  carried  out  by 
Logon  11959)  (see  also  Bowman  ei  al.  [1969]  and 
Lostan  and  l  ee  (1962|). 

Since  the  first  extensive  application  of  these 
functions  to  diffraction  theory  was  done  by  Fock. 
many  authors  named  them  after  him.  Here  we  list 
only  the  most  important  formulas  and  expressions 
for  these  functions  without  going  through  the  details 
ol  their  derivations.  We  have  followed  Logan's  set 
of  notations  for  these  functions  ( Logon.  1959), 
However,  since  his  time  dependence  factor,  exp 
(-/lo/),  IS  different  from  the  one  we  have  used 
throughout  this  paper,  namely  expi our  ex¬ 
pressions.  listed  below,  are  conjugates  of  what  have 
been  presented  by  Logan 

We  start  with  general  definitions.  Fock’s  most 
general  form  of  the  "Van  der  Pol-Bremmer  diffrac¬ 
tion  formula"  is 


-  exp(/ 


'T. 


V  (/)  -  q\^t^ 

v(»  -  V.  ) - K’.(r 

H',(/)  -  yiVj(f) 


>•  -  ) 


»■.(<  -  v,> 


dr  (Al) 


where  Wiir),  w,(i).  u{i),  and  v(r)  are  Fock-type  .Airy 
functions,  defined  as 

u(f)  -  \  rt  flito.  v(r)  »  V  TT  .5/(1), 

H',(r)  »  u(()  +  /v(i).  vi',(t)  >  w,(;)* 

We  note  that  w,  and  Hj  can  also  be  defined  as 
in  section  2.  y ,  and  y.,  are  the  larger  and  smaller 
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of  the  two  numbers  v,  and  v,  f'l  r.v,  .i  ,  .</)  is 
proportional  to  the  attenuation  suffered  by  an  elec¬ 
tromagnetic  wave  generated  by  a  source  located 
at  reduced  height  y,  above  the  surface  of  a  smooth 
convex  body,  when  it  reaches  the  observation  point 
located  at  reduced  height  y,  above  the  same  surface. 
V  is  the  reduced  distance  between  the  source  and 
the  observation  point  along  the  surface,  and  q  is 
dependent  upon  the  impedance  of  the  surface.  Let 
us  consider  some  useful  limiting  cases. 

When  y,  =  y,  =  0,  then  l'(  i.O.O.i/)  is  denoted 
by  where 


f'oi'.y) 


'  Vtt  /  J  .  «  .(/)  -  qw.in 


lAZ) 


We  also  have 


e  '  »■.(/) 

- j, 

>*•(/) 


tA3) 


u(t)  =  lim  |-2/v</' K,,(t..jl) 

e  "kIi/) 

.  >‘■.•1') 

When  y,  =  0  and  i  ,  — •  x,  then  L  — • 


(A4) 


I  f  e  •" 

3,(1. ‘/'I* — 1  - <ll  (.A5| 

«  J  .  »■;(/)  -  4«.(/) 

and  also 


I  f*  c  " 

.g(i)=  f  ,  ( r.O)  1  - dr  (.Ahl 

's  rr  J  .  w  :t<) 

I  f  ’  e  " 

/t  i)  =  lim  1- <ji  I  i(.i.y))  =  — ^1  - d/  (.\7) 

^  J  •  "■,(/) 

Based  on  (.AM  and  (.A7),  a  class  of  functions 
can  be  defined: 


(-y)'  r  r  e  '"  d'/d) 

- w  \  - d/  - 

V  IT  J  I  w\{t)  dv* 

(-  /)'  f  I'c  "  d'giv) 

- \  - d»  - - 

J|  W';(/)  dl" 


(A.5) 


(A'J) 


where  f  is  any  path  in  the  complex  i  plane  which 
comes  from  -x  m  a  sector  defined  bv  -  tt  i 
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argt/)  V  —  7T  and  ^;i'es  to  ax  m  the  nccIi't  t  ' 
^  it/3.  In  what  IoUown,  we  will  gi\e  the 

suitable  lorniulas  for  r(xl  and  eiO  m  vlillerem 
ranges.  Tabulated  values  and  graphs  ol  these  lum 
lions  can  be  found  in  the  wort  v'l  IWlkina 
/■'oca  I  I'Mnu./.cl .  and  /.ogun 

When  t  IS  \ery  large  and  negative,  the  folU'winc 
as\  inptotic  expansions  tor  f \  vi  and  <i ')  can  be  used 
[/.ogun.  1454) 


,  >  f  /  I  il's  .lie 
'(>) - '/ic  '  I  I  r  — 7  * - - - 

I  4<  (vti”  l^^'■ 

ISI'S  1 

:4,''  "  1 


/.Msrs 
lo: 


(All)) 


AMvl  ~  :e 


/  I  /ana  MH).^ 
4i '  n4 1"*  n4i  '■ 


u):4<'' 


(All) 


The  above  formulas  are  valid  and  accurate  for 
»  •«-  -1  F'or  moderate  values  of  namelv.  -I 
t  "s  I ,  It  is  difficult  to  find  an  appropriate 
e.xpression.  .Although  there  are  some  anuivtical 
techniques  such  as  the  stationary  phase  method 
or  the  Poisson  summation  formula  which  mac  be 
used  toevaluatey ""andg""  for  these  values,  another 
possible  way  which  is  probably  easier  and  more 
efficient  is  to  interpolate  the  tabulated  values  of 
these  functions  in  this  range. 

In  the  vicinity  of  zero  (|  i|  »  0).  the  l  av  lor 
e.xpansion  can  be  used  to  calculate  t  and  g  The 
coefficients  are  mven  bv 


■(tV 


V  1 


r  111 

•  1  1 

I'll  •  ( y  asim 

II 

r  I'll 

'(''1 

lai'i  ♦  ;ms' 

IM  (J-  '-'l 

H  I'll 

1  H 

I’D  •  ''('1  ) 

7)  4S 

I'D 

l4>J„' 

.  Isan  .  WS44 

IM  (7'  '■■) 

When  I  IS  large,  and  posiiicc.  residue  senes  can 
be  used  to  ci'inpute  r'''and  g'*' 

.  v-  '•'f  '^'Ptr,  '  c  '■  ") 

r  "(II  ■  c  A  ■  -  .  -  -  -  (AIM 

■*'(  r,) 

„  ,  .  V  'fMMr,  le  M 

g  ( il  -  c  A  . -  -  (  AIM 

m  ■<  M  ■  r,  I 

where  dii-rj  -  0  and  .•(/  (-/•  )  -  ()  for  p  •» 
I.:..'' . 

Afl'l  sni.x  H  DI  RIVAIION  Ol  (441  VNP  ,4.M 

Here,  we  consider  onlv  the  derivation  of  the 
asymptotic  expansion  of  >I>  for  a  circumferential 
magnetic  dipole  In  this  case,  'b  may  be  written 
as: 


/“'•  ■'f*  f’  e  '  ' S(k,) 
‘b  -  I  dl, - : 

(’ti'  J  .  k: 

w  here 

,V(;  )  -  \  c  '•*  -1--:'-  . 

,'r'.  /{'■'{><  ,1) 


(HI) 


ch:) 


S{k, ) 


Applying  the  Watson  transformation  to  (H2). 
/  1  fl\'\k  i>)  e 


sm  vn 


di 


(HI) 


(AI7) 

-  .  ,1 

l.tJ  n 

*  4  f 

Sik. )  *  / 

L,. 

g'"(0)-e  -"XTr 


(^) . V". 

(t) 

where  t(.\.h)  is  the  generalized  tau  function. 


1  ( 

where  ('  and  /)  are  shown  in  figure  !■■,  Or, 

(r(Ti  -  iM|  H  '■'(*  ,i) 

-  -  di  (H4) 

Sinn  rc)  H[  tit,4i) 

Substituting  the  expansion 


(Al.') 


cos  r(ti  —  vM 
sin  vn 


V  V  e 


(B') 


where  ih,  ••  ih  and  <b,  -  in  -  ih.  in  (U4),  the 
result  will  be: 


.A  t-  ir 

-(\.u)  -  A  -  —  ,  V  •  I 
"  I"  A  )0' 


( yi4)  S{k  )  -  V  V 
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0 

Fig  I’  Pu(hik  4n«i  D  in  Waison  iranst'ormiition 

Each  term  of  the  above  expansion  is  associated 
with  a  “creepinjt  wave”  travelling  in  a  counter¬ 
clockwise  ti  =  n  or  clockwise  (i  =  2)  direction 
around  the  cylinder.  Following  the  ray  concept, 
each  creeping  wave  appears  to  be  travelling  along 
a  specific  surface  ray.  Now,  as  p  —  x  (far  zone) 
tor  each  fixed  v,  we  have  (.•Ihromow'i;;  and  Stegun, 
l<)701; 

~  (^-)  e  ,B') 

On  the  other  hand,  it  can  be  shown  that  the 
significant  contribution  to  S{k, )  comes  from  a  small 
neighborhood  of  k^a.  In  this  neighborhood,  where 
A:,  a  and  v  are  large  and  close  to  each  other  (|A,d 
-  r|  £  |i'|'  ^),  the  Hankel  asymptotic  expansion 
(B7)  is  no  longer  valid.  In  this  case,  it  is  necessary 
to  expand  Bessel  functions  in  terms  of  Fock-type 
Airy  functions,  H'|(r)and  and  their  derivatives 
(Z-Ogan,  1959): 

7/';’’  (r)  ~  (jfm\  IT  ){w,Jt)  -  (1  /60m'  )(4»>Vj(/) 

* H’;(f)|  +  ..)  ^B8) 

(t)  -  w  )(»■;(/)  -(■  (I  /60m')(4rM  ,(/) 

(6  -  r')Mj(r||  +  .  )  (BU) 

where 

i'  -  « 

I  » -  (m  IS  very  Urge) 

m 

Inserting  (B7)  and  the  first-order  terms  of  (B8) 
and  {B9)  into  (Bn)  and  (BI),  we  obtain 

'P  |uif  .W,,  (2it)‘ I  (2Tr  p)e  '  ‘ 

SZl  J*. (810) 

.-1  I..I  J  .  A,  ■ 


where 

m  =  iA,a  /  2)' 

II,,  =  A  r  +  A,  Ip  I-  a(i6,  >•  2tt/  -  n  2)) 

4.1  “  '*<('8,  +  211/  -  IT  2) 

Introducing  a  new  integration  variable  u: 


k,  »  k  i\ 

(BID 

and 

k,  *  k  cos  « 

tBl2) 

0.,  *  tan  ' 

we  have: 

{ ;/  Ip  ^  4-  27t/  -  tt/2)1  ) 

(BID 

where 

1),,  *  kH,f  COS(|i,,  -  a) 

(BI4) 

7?,,  *  I.''  +  (p  +  a(>t>,  ♦  2it/  -  TT,  2)1 )  '  •' 
Now  (BIO)  takes  the  following  form: 


(BI.M 

y  is  the  path  of  integration  in  the  complex  n  plane, 
which  IS  shown  in  Figure  18. 

Now  we  deform  the  path  of  integration  into  the 
steepest  descent  path,  SDP,  passing  through  the 
saddle  point  of  the  phase  of  the  integrand.  Perform¬ 
ing  the  saddle-point  integration,  we  can  denve  the 


Fig  tS  Steepest  Jescenl  p»lh  iSDPi  for  integral  iBlM 


.li 


^jm 
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•isymptoiic  expansion  of  (B15)  for  large  kR  The 
first-order  term  is 


— fJU ) 
ft.,. 


(Bib) 


where 

t  1  1 

= - e 

au.X'  *  ikh.,.r‘ '  (8t) 
ii,  =  exp  l./ir(\„  V  p)/  (28)| 
a.  =  exp  { (;ii/(;6)l  +  /’K2S  +  e '* )  -  ZS] ) 


where  R  ,^  and  C,,,  are  the  values  of  these  parameters 
at  the  stationary  point  specified  by  a  =  (i,, .  Equation 
(B16)  is  the  creeping-wave  representation  of  the 
far  field.  If  the  cylinder  is  large  (^a  :*>  I)  and 
1*1  is  not  very  close  to  ir,  then  only  the  first  term 
(1  =  0,/=  I)  has  the  most  important  contnbution 
to  the  total  infinite  sum.  and  the  other  terms  are 
not  significant.  Neglecting  the  other  terms,  we 
obtatn  the  result  given  in  (44)  and  (45).  It  should 
be  emphasized  that  (44)  and  (45)  are  not  valid  when 
IBI  is  close  to  tt/2  (paraxial  region)  because,  in 
this  case.  k,<i  is  very  small,  and  (B7),  (B8),  and 
(B9)  no  longer  apply. 

The  other  formulas  can  be  derived  in  a  similar 
manner. 

appendix  c  asymptotic  evaluation  of 

RADIATION  INTEGRAL 
Consider  the  following  double  integral: 


(S,  =  exp  (/TT(M.„  -t-  v)/(2t)1 

l^:  =  exp(l/TT/(2T))  l(ti„  +  (^)(2t  -t-  e '")  -  2t1  } 

,?,(.r.>  )  =  ^  .?„(x  -  t.)‘(  .i'  -  y,)' 

4./-0 

/’(t.l  )  =  y  a,,(.<:  -  x,r(y  -  >'.)' 

^(x..v)=  ^  *,,(r  -  r,)-!.!’ -yj" 

m  •  nM  I 

~  S,%, 

--<10  =  Sio  -  *oo  1(^0  +  l)a,„,/5  +  f>,„/T) 

■■<01  =  *01  -  8oo  (Uoi/S  +  (Ho  1)  froi/fl 

In  order  to  apply  this  procedure  to  the  integrals 
of  the  type  (50)  for  which 


L’^k)  = 


g(.r.y)e'*‘“”d.vdy 


(Cl) 


where  gf.t.y)  is  rather  slowly  varying,  and  <})(x.y) 
has  a  stationary  point  (.t,,>’,)  inside  domain  D.  The 
objective  is  to  derive  an  asymptotic  expansion  for 
(Cl)  when  k  is  large. 

Suppose  g  and  *  have  the  following  forms  around 

(’t,  ■>•,): 


g(x.y)  »  (X  -  x.)'"  '  (y  -  v,)"’  '  g,(.x.y).  \o.)4o>  ' 

<b(.x.y)  =  <i)(.i,,y.)  +  a,  ,(«  -  .x,)*ll  +  f’(x.y)! 

-I-  f>o,(.v  0(x.y)|  (C2) 

Chako  (1965]  has  derived  the  following  asymptotic 
series  for  U : 


£/’(*)  ~  ij„  y  .-<,,(01 -f- oj  )((J| -*■  Bj) 

^  y.O 

^/\i  P  \  ^/uo  ->■  </  \  _ l_  1 

\  6  /  \  T  /  (Ara,  0 ) 


(C3) 


i!)(.x.y)  =  — fl(iT.B)  =  -(/?  -t-  (i)  (C4) 

g(.v.y)  =  f(a.()./>)  v'c/f?  (C5) 

When  F  is  one  of  the  components  of  /( I  -  RR). 
one  should  first  determine  the  stationary  point  of 
Cl,  wherein  its  first-order  derivatives  vanish.  The 
second  step  is  to  compute  the  various-order  deriva¬ 
tives  of  n,  J,  R . at  this  point,  and  then  insert 

them  into  (C3).  We  give  just  the  main  formulas 
needed  for  these  derivations. 

Suppose  the  surface  of  the  body.  .f(iT.P).  is 
parameterized  by  a  geodetical  polar  coordinate 
system.  As  discussed  previously,  in  this  system, 
a  is  the  arc  length  of  the  surface  geodesic  connecting 
the  pole  Q  to  .v(ct,P),  and  p  is  the  angle  between 
the  geodesic  and  some  fixed  reference  geodesic 
at  Q  (Figure  15). 

The  element  of  length  in  this  system  is  given 
by 


dx'  =  diT^  -t-  G((T,P)dP'  (C6) 

Let  us  denote  di(u|/du  by  then  we  have  the 
following  set  of  relations 
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where  =  ir  anvl  f  _,/  V  O'  =  |i  are  unit  vectors 

along  =  const,  and  ir  =  const,  curves,  and 

X.  -  "  =•  (X..  X  X„  )/\  O' 

(CIO) 

is  the  outward  unit  normal  to  the  surface.  Another 
quantity  of  interest  is  the  “geixdetical  curvature" 
K,  given  by 

Kj  =  (dO /  i)ct)/2(7 

(Cl  I) 

Using  the  above  relations,  we  can 
following  expressions  which  hold  true 
tionary  point; 

derive  the 
at  the  sta- 
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where  p,  =  1  /  k^.  and 
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where  p„  is  ihe  radius  of  curvature  of  the  geodesic. 

Equations  (C12)  and{C13)  determine  the  location 
of  the  stationary  point.  .At  this  point  R  *  .f„,  which, 
if  we  introduce  the  ray  concept,  tells  us  that  the 
surface  rays  leave  the  surface  at  the  “point  of 
diffraction"  tangentially.  Equation  (C14)  indicates 
that  the  stationary  point  is  of  second  order,  so  that 
we  need  higher-order  derivatives  of  the  phase.  L"", 
L"",  and  are  coefficients  of  the  second  funda¬ 
mental  form  of  the  surface  evaluated  at  the  station¬ 
ary  point.  They  are  defined  as 

t  "  f  „  •  i, .  V*  -  •  «,,  i.""  »  •  i, 


Using  the  relationships  given  above,  one  can  find 
the  expansion  coefficients  g...  u  ,  h  ,  and  A 

v’X/  *  /*V 

in  (C3).  Zeroth-  and  first-order  terms  in  (C3)  give 
us  formulas  (52). 

.A  few  remarks  should  be  made  concerning  the 
expansion  presented  in  (C3).  f  irst  of  all,  (C3)  is 
a  doubly  infinite  senes:  therefore,  for  each  fixed 
power  of  k  ‘  a  finite  number  of  terms  should  be 
summed  up.  The  coefficients  of  various  terms  in 
these  finite  sums,  namely  .■1^.,'s,  become  very 
complicated  when  p  and  </  are  greater  than  0  or 
1.  Another  difficulty  with  this  series  is  that  when 
the  stationary  point  of  the  pha.se  is  of  an  order 
higher  than  1.  the  difference  between  the  order 
of  the  successive  terms  (when  the>  are  ordered 
according  to  the  descending  power  of  k)  becomes 
very  small,  and  consequently  the  infinite  series 
converges  very  slowly.  For  instance,  in  our  problem 
where  5  =  3  and  t  =  2  (stationary  point  is  of  second 
order),  sometimes  the  difference  between  the  orders 
of  successive  terms  is  k  ‘  which  indicates  the 
weak  convergence  (in  an  asymptotic  sense)  of  the 
expansion  in  the  cases  where  the  frequency  is  not 
very  large 
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ABSTRACT 


In  this  paper  we  describe  three  procedures  for  evaluating  the  accurac"  of  high 
frequenev  asyaptotic  solutions.  Two  of  the  tests  are  based  on  the  spectral  domain 
approach  while  the  third  can  be  implemented  either  in  the  space  domain  or  in  the 
spectral  domain.  .A  method  for  improving  the  solution  via  an  iterative  procedure  is 
also  presented. 

INTROPCCTION 


High  frequency  asymptotic  solutions  of  the  wave  equation  play  a  very  innortant  role 
in  electromagnetics  and  acoustics.  For  lov  frequencies,  the  integral  equation 
formulation  combined  with  the  method  of  moments  provides  a  convenient  approach  for 
solving  radiation  and  scattering  problems.  However,  because  the  matrix  size  required 
to  handle  such  problems  becomes  coo  large  above  the  resonance  region,  one  is  forced 
CO  seek  alternate  means,  such  as  ray-optical  techniques,  for  deriving  asymptotic 
solutions  in  Che  high  frequency  range.  Unlike  moment  method  solutions  which  are 
numerically  vigorous,  asymptotic  solutions  are  approximations,  and  as  such,  pose 
problems  in  evaluating  their  accuracy.  The  problem  of  assessing  the  accuracy  of 
asymptotic  solutions  has  come  under  investigation  only  in  recent  years  [1]  - 
Presented  here  are  three  procedures  for  evaluating  the  accuracy  of  an  asymptotic 
solution  by  examining  its  effect  on  satisfaction  of  boundary  conditions.  In 
addition,  two  of  Che  proposed  tests  lend  themselves  for  use  as  an  iterative  equation, 
offering  the  possibility  of  systematic  improvement  of  a  proposed  solution. 


ACCURACY  TESTS  FOR  ASYMPTOTIC  SURE.ACS  FIELDS 


Two  of  Che  accuracy  tests  to  be  discussed  deal  with  the  problem  of  a  magnetic  dipole 
radiating  in  Che  presence  of  an  infinitely  long,  perfectly  conducting,  circular 
cylinder.  This  problem  has  received  increased  attention  in  recent  years  because 
of  Che  insights  it  provides  into  Che  performance  of  slot  antennas  on  curved  surfaces. 
Knowledge  of  Che  induced  currents,  for  example,  allows  the  engineer  to  calculate 
mutual  coupling  between  slot  antennas  in  a  conformal  arrav  or  to  accurately  compute 
tsr-fi'*ld  paccems  from  a  single  slot  or  slot  arrav.  The  exact  modal  solution  to 
this  problem  [5]  -  [6],  which  is  la  the  form  of  an  infinite  series  of  infinite 
Integrals,  converges  so  slowly  as  to  make  its  use  impractical  for  numerical 
calculation.  Various  approximate  solutions,  more  suitable  for  numerical  cemoutacion, 
have  been  proposed  [7]  -  [11].  Two  of  the  solutions,  [7]  -  [9],  are  derived  from 
manipulation  of  the  modal  solution.  These  solutions  are  denoted  as  Asvmococic 
Solution  -  1  (AS-1)  [7]  -  [3],  and  Asymptotic  Solution  -  2  (AS-2)  [9],  based  on 
their  chronological  order  of  publication.  The  third  approximate  solution  [10]  - 
[li]  ia  based  on  a  modification  of  Che  work  of  V.  a.  Fock,  which  addresses  the 
problem  of  radiation  on  a  sphere  and  is  denoted  Asymptotic  Solution  -  3,  or  AS-3. 
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T^e  next  section  describ*»s  In  detail  the  three  published  solutions  and  gives  the 
appropriate  foraulae. 

Proposed  Solutions  to  Cylinder  Problen 

Figure  la  presents  the  geometry  of  the  problem.  An  infinitely  long,  perfectlv  con¬ 
ducting,  circular  cylinder  of  radius  R  is  located  with  the  cylinder  axis  coinciding 
with  the  s-axis  of  a  standard  o,  i,  r  cylindrical  coordinate  system.  .An  infini¬ 
tesimal,  phi-directed,  magnetic  dipole  is  located  on  the  cylinder  surface  at  O' 
given  by  the  coordinates  o-R,  >*0,  :"0.  The  H-field  on  the  cylinder  surface 
is  observed  at  a  point  0  located  at  j  -  R,  i  -  s..,  :  ■  The  proposed  solutions 

a  i 

are  ray-type  solutions,  and  the  surface  fields  are  dependent  on  the  geodesic  path 
berween  Q  and  Q'  defined  by  the  surface  path  length,  s,  and  ray  angle,  measured 
from  the  p-axis  to  the  surface  ray. 

The  cylinder  is  a  developable  surface  and  a  geodesic  path  on  the  cylinder  surface 
becomes  a  straight  line  on  the  infinite  strip  that  makes  up  a  developed  cvlinder. 

Figure  lb  shows  the  developed  cylinder  and  introduces  the  local  n',  b',  t'  and  n, 

b,  t  coordinate  systems,  where  n',  n  are  the  outward  normal  to  the  surface,  and 
t',  t  are  tangent  to  the  surface  path  at  the  source  and  obsetn'ation  points  respec¬ 
tively  (b'  ■  t'  <  n',  b  -  t  <  n).  Sorh  the  .AS-1  and  .\S-3  solutions  give  the  surface 
field  in  terms  of  fields  parallel  to  b  and  t  as 

H(Q)  -  M  •  (b'bH^  +  t'tH^)  (1) 

where  M  is  the  magnetic  dipole  moment.  In  this  section  a  circumferentially  oriented 
dipole  is  created,  i.e.,  M  ■  o.  For  this  case,  conventional  H,  and  fields  can 
be  found  from  and  using  the  relationships 

-  cos'  5  H.  -f  sin'  0  Ca) 

-  sin  0  cos  3(H^  -  .  (lb'' 

Each  of  the  proposed  solutions  gives  the  surface  H-fields  la  terms  of  a  combination 
of  "Fock  functions,"  u(E),  v(E),  and  v^(‘)  and  their  derivatives  u'(E'',  v'(E),  and 

Vj^'(E),  respecclvelv,  i  is  a  normalized  distance  parameter  given  by  E  •  ^ — r''  '  s 

'^t . 

where  k  is  Che  wavenumber,  R  is  Che  radius  of  curvature  in  the  direction  of  C 
given  by  R  ■  R/cos'  3  and  s  is  the  path  length,  s  ■  >'(Rp''~  +  z'.  The  radius  of 
curvature  in  the  direction  of  b  is  also  employed  and  is  given  bv  R^  ■  R, sin'  3. 

The  .VS-1  solution  as  tested  gives  Che  surface  fields  as 

(Q)  -  v(E)d(33  (3a> 


Ht(Q^  -  ,  ,3b^ 

where  H.  of  (3b)  differs  from  c.he  given  in  [Tl-iS]  bv  a  factor  of  3  uhis  is 

dcr.o  so  that  as  k  —  »  the  H.  of  (3b)  recovers  identicaliv  the  <ks'  '  term  of  the 
!<nown  exact  solution).  The  AS-.l  solution  is  gi^en  bv 


(4a) 


H^(Q)  -  {v(0[sin^  ^  (1  -  3  sin’  9)] 


(■^)  sec^  3[u(C)  -  3ln^9v^(-:)]  G(s) 


Hj(Q)  -  -sin  3  cos  9  v(5) (1 


for  the  case  of  a  circumferentially  oriented  dipole.  The  AS-3  solution  gives  the 
surface  fields  as 

a^<q)  -  (d  - 

(5a) 

+  j(’^  [v’(5)  +  (R^/5^)u'(';)]}G(s) 

H.(Q).  -  (^){v(?)  +  (1  -  |j)u(?)  +  j(/2  kR|.)"^''^u'(?)}G(s)  .  (5b) 
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In  Equations  (3)-(5),  G(3)  -  k  /(2vjn)*e  /ks,  where  n  is  the  wave  impedance  of 
free  space. 

In  addition  to  the  three  published  solutions,  a  fourth  solution  has  been  constructed, 
which  is  a  modified  AS-1  solution  and  is  denoted  AS-4.  The  AS-4  solution  is  given 
by 

H^(Q)  -  [v(5)  -  j/ks  -  (l/ks)^lG(3)  (6a) 

Hg(Q)  -  (:j/ks)[u(;)  -  j/ks]G(s)  .  (6b) 

As  9  goes  to  ninety  degrees  (a  ray  propagating  down  the  cylinder  axis) ,  H,  becomes 

identical  to  H,  and  the  solutions  reduce  to  ° 

i 

H^(Q)  •  G(3)  for  AS-1  (7a) 

1/2 

■]G(s)  for  AS-2  (7b) 


H  n  i-  .1  ^2  I  3.,.. 1/2  -jr/4  (k3)^^nG(3)  for  AS-3  .  (7c) 

ks  '•ks^  4''2''  ®  ka 

and  H^(q)  -  [1  - 

The  four  solutions  presented  here  embody  some  important  differences.  example, 

as  kR  -•  »,  both  the  AS-3  and  AS-4  solutions  recover  the  exact  solution  to  the 
problem  of  a  magnetic  dipole  radiating  over  a  ground  plane.  The  AS-1  solution 

recovers  the  ks  ^  terms;  while  the  AS-2  solution  recovers  both  the  (ks)"^  and  (ks)~' 

terms,  missing  only  the  (ks)  ^  term.  Since  these  differences  involve  terms  that 
have  significant  contribution  only  for  very  short  path  lengths  (s  <  l.\),  these 
differences  are  referred  to  as  "source-region"  differences. 

Long-path  length  differences  are  most  apparent  along  theta  equal  to  ninety  degrees. 

-1  /•’ 

Hera,  for  large  s,  both  the  AS-2  and  AS-3  solutions  vary  asymptotically  as  (ks)  ' 
while  t.he  AS-1  and  AS-4  solutions  show  a  free-space-like  attenuation  of  (ks)”^. 


The  accuracy  rests  presented  are  closely  examined  to  determine  ii  they  can  discrim¬ 
inate  between  the  various  solutions.  .In  accuracy  test  which  relies  on  the  entire 
solution  being  correct  is  termed  a  global  test.  That  is,  a  global  test  is  not 
associated  with  any  particular  region  of  the  proposed  solution,  but  tests  the  entire 
solution.  test  which  ^  associated  with  a  region  or  a  point  is  termed  a  local  test. 
A  local  test,  then,  would  be  able  to  discriminate  between  the  .\S-2  and  AS-3  solutions 
even  though  their  source  region  forms  are  Identical,  because  of  the  differences  in 
the  long  path  length  behavior. 

THE  E-FIZI.0  TEST 

In  implementing  an  accuracy  test,  the  best  approach  is  usually  to  compare  the 
approximate  solution  to  the  exact  solution.  .\s  stated  before,  computational  diffi¬ 
culties  with  the  exact  solution  preclude  that  option  in  this  case.  If  the  exact 
solution  is  unavailable  for  comparison,  then  an  accuracy  test  can  be  formulated  by 
determining  how  well  the  approximate  solution  satisfies  boundary  conditions  for  che 
problem  -  in  this  case,  the  electric  field  boundary-’  condition  at  the  perfectly 
conducting  surface. 

The  most  direct  and  attractive  method  of  determining  the  surface  E-field  would  be 
to  compute  the  normal  derivative  of  the  H-field.  Cnfortunately ,  the  asymptotic 
solutions  are  valid  only  for  points  on  the  cylinder  surface,  so  that  such  a  direct 
computation  is  unfeasible.  Accordingly,  an  indirect  procedure  must  be  used.  .An 
indirect  evaluation  of  the  surface  S-field  is  conducted  in  the  following  manner: 

:ach  of  the  asymptotic  solutions  predicts  the  K-field  on  the  cylinder  surface. 

Through  che  use  of  Maxwell's  equations,  Che  surface  H-fleld  can  be  related  to  Che 
surface  E-field  and  Che  boundary  condition  checked.  Use  of  Che  spectrum  of  che 
H-field  instead  of  che  direct  surface  field  makes  analysis  straightforward  and 
allows  use  of  a  Fast-Fourier  Transform  (FFT)  algorithm  for  efficient  numerical 
calculation. 

The  test  proceeds  as  follows: 

1.  .A  cylindrical  transform  is  defined 

H,(a,k  )  ■  1/Zt  /  do  /  dz  (0,2)2”^"'*  e~^  z”  .  (3) 

5  *  0—3 

2.  Electric  and  magnetic  vector  potentials  are  expanded  with  unknown 
coefficients 


'I  , 


n  z 


4  V 


e-*  2”  dr 


Observe  chat  n  and  are  ’’transform  variables,”  k  is  che  wavenumber,  and  Is 

th  ^  ^ 

Che  order  Hankel  function  of  che  second  kind,  representing  an  outward-traveling 

cylindrical  wave.  For  future  notation,  the  complex  variable  v  is  used  to  replace 
the  radical  la  the  argument  of  the  Hankel  function,  v  »  . 


j.  Through  che  use  of 


a  ”  Txa  -  jue  F  +  l/jau  T’l^F  (10^ 

0  0 

one  may  determine  che  unknown  coefficients  f  and  g  in  terms  of  the  transform  of 
che  surface  K-field  as  n  n 


-  -.(f),  fH  (a.k  )  +  ^ 
YH_  (yR)  y  ^ 


H,(a,k  ) 


^  C21  z'  *  z 

Y  -^(vR)  ^  ^ 

n 

(2)  ^2^ 
where  H'  “  is  the  derivacive  of  che  '  Hankel  function, 
a  a 

4.  Applying 


E  “  -7xE  -  jwu^A  +  1/juje^  “7*A  (12) 

peraits  coaputacion  of  che  surface  E-field,  accomplishing  the  desired  test. 

The  above  procedure  can  be  condensed  into  two  steps  of  actual  computation  by 
combining  Equations  (9),  (10),  (11),  and  (12).  While  the  resulting  expressions 
appear  to  be  complex,  this  two-step  procedure  is  significant  because  it  essentially 
involves  only  a  two-dimensional  Fourier  transform,  modification  and  combination  of 
Che  transformed  fields,  and  then  inverse  Fourier  transformation  and  summation  of 
Fourier  coefficients.  The  analysis  is  computationally  efficient  because  the  FFT 
can  be  used  Co  evaluate  all  Che  integrals  Involved. 

Practically  speaking,  the  greatest  difficulty  in  the  above  procedure  cones  in 
accurately  detemining  the  spectrum  of  Che  surface  H.field.  Both  Che  AS-3  and 

2  3  * 

AS-4  solutions  have  l/s  and  l/s  singularities,  while  Che  AS-1  solution  has  a  1/s 
singularity.  The  "peakiness”  of  these  H  fields  means  chat  special  care  must  be 

V 

taken  in  using  che  FFT  to  determine  Che  spectrum. 

One  attempt  to  overcome  this  problem  involved  raising  Che  magnetic  dipole  slightly 
above  the  cylinder  surface  so  that  the  field  was  no  longer  singtilar,  but  had  a 
finite  peak.  .After  this  step  had  been  implemented,  a  convergence  check  of  the  FFT 
integral  showed  Chat  the  FFT  was  able  to  handle  the  l/s  peak  correctly  with  reason- 

2  3 

able  sampling  rates,  but  the  l/s  and  l/s  peaks  yielded  erroneous  results.  Further 
measures  were  necessary  to  achieve  a  reliable  test  of  Che  AS-3  and  AS-4  solutions 
(for  a  reasonable  computer  size) . 


The  key  to  achieving  a  reliable  check  of  che  AS-3  and  AS-4  solutions  lies  in 
recognizing  that  Che  singular  form  of  che  source  region  is  chat  of  a  planar  case, 
and  that  the  singularity  has  an  analytic  transform.  Specifically,  Che  planar 
singularity  can  be  expressed  as 

1  ,  -jks 


1 

2Tnjk 


'  2  2 
3  (R^) 


z's  ZiTijk  '3(Rp)3z  s 

,~T  ~  ~ 

where  s  is  che  path  length  given  by  s  ■  /i"-^(R4)  “+z",  and  is  Che  height  of  the 
dipole  above  che  cylinder.  Because  che  singularities  can  be  expressed  as  derivatives, 
their  analytic  transform  is  obtainable  and  is  of  che  form 

.  -jA»k--(n/R)--k: 


»'<*•- (n/R)"-k; 


(1-ib) 


•j'3 


:Tnjk 


^  +  k-) 
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»'k"-(n/R)  ~-<Z 


where  Q  is  a  constant. 

The  total  field  on  the  cylinder  can  then  he  expressed  as 
a(Q)  -  ^IFFERSNCE^*^^ 


(15) 


where  aCQ)  is  the  total  field  as  predicted  by  an  as>Taptocic  solution,  and 

is  the  field  that  would  exist  on  a  flat,  infinite  ground  plane.  (This  division  nay 
be  thought  of  as  taking  the  planar  field,  "wrapping”  it  around  the  cylinder,  and 
subtracting  it  from  a(Q)).  The  transform  of  the  surface  fields  is  given  by 

a(a,k,)  •  TIrFERElICa^^’‘S^ 

and  given  analytically  in  equation  (H) . 

aost  on  the  order  of  l/»s,  so  chat  evaluation  of  H_-_ _ .„,,_„(n,k  )  can  be  reliablv 
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obtained  from  application  of  the  ?7T.  .Any  test  which  involves  breaking  the  fields 
up  into  planar  and  difference  fields  will  be  termed  a  hvbrid  computation,  because 
it  combines  analytic  and  numerical  techniques.  The  only  difference  between  a  "hybrid 
computation"  and  a  "direct  computation"  is  in  the  method  of  obtaining  the  spectrum. 
•After  the  spectrum  is  found,  both  tests  proceed  identically.  Figure  2  compares  the 

phase  of  H.  for  a  fixed  value  of  k  ,  when  the  transform  was  derived  from  hvbrid  and 
i  z’ 

direct  computations.  Comparison  with  the  phase  of  the  modal  transform  reveals  the 
increased  accuracy  of  the  hvbrid  method. 


To  utilire  the  E-Field  Test  the  three  asymptotic  solutions  are  compared  to  an  exact 
modal  solution  [6].  The  procedure  used  in  deriving  the  exact  modal  solution  is 
essentially  the  same  as  that  used  to  perform  the  E-Field  Test.  The  difference  lies 
in  the  fact  chat  while  the  test  begins  with  the  asymptotic  H-field,  the  modal 
solution  begins  with  the  known  E-field  (known  for  an  elemental  source) .  In  a  manner 
similar  to  the  test,  the  H-spectrum  can  be  found  iron  the  known  E-fields  and  be 
expressed  in  terms  of  Che  E-spectrum.  This  provides  analytic  and  spectrums 

chat  can  be  compared  to  those  resulting  from  the  as:^pcoCic  solutions.  .After  the 
H-spectrum  is  obtained  from  the  S-field,  it  can  be  tested  Just  like  any  ocher 
spectrum.  This  "check"  chat  begins  with  a  surface  E-field,  finds  the  H-speccrun 
and  Chen  returns  to  the  surface  E-field  is  also  valuable  inassuring  that  the  FFT 
sampling  of  the  spectrum  is  sufficient. 

During  '-tual  .  ,.1- .ation  of  Che  test,  the  source  used  was  a  slot  radiator  instead 
of  an  e...emenCal  dipole.  This  was  necessary  because  Che  surface  E-field  of  the  slot 
is  finite,  although  discontinuous,  while  Che  surface  E-field  from  the  elemental 
source  is  singular.  Sampling  the  E-speccrum  sufficiently  well  Co  represent  the 
singular  surface  field  would  make  the  computer  requirements  prohibitively  large, 
while  the  more  regular  slot  is  readily  handled. 

Representation  of  the  slot  spectrum  was  achieved  by  first  determining  the  H-field 
specr.r.ia  due  to  an  elemental  dipole  source  (the  direct  asymptotic  solutions  or, 


for  the  analytic  case, 


2 (5 (p-X) 3 ( 5)0 (c) ) .  The  H-spectrum  was  Chen 


multiplied  by  the  transform  of  the  slot  distribution,  which  is  equivalent  to 
convolving  the  elemental  source  with  a  distribution  in  the  space  domain.  For  a 
finite  slot  as  shown  in  Fig.  la,  the  transforms  used  were  of  the  form 


(:iln(k^b/2’)  ] / (k^b/2)  Co  represenc  a  unirora  field,  ana  of  the  fora 

cos(an)/[T“/4  -  (an)*"!,  a  "  arc3in(a/2R)  Co  represent  a  half-period  cosine  spreading 
in  i . 

The  cocalicy  of  Che  E-field  check  has  now  been  deterained.  The  componencs  of  Che 
spectrum  of  the  H-fieid  Chat  result  from  an  elemental  source  are  determined.  For 
Che  asymptotic  solutions  the  spectrum  is  determined  either  by  direct  application 
of  Che  FFT  or  by  use  of  the  hybrid  technique;  for  the  exact  case,  Che  H-speccrum 
mav  be  found  analytically.  Regardless  of  its  source,  Che  H-speccrum  is  then 
multiplied  by  the  transfora  of  the  assumed  slot  distribution;  thus,  che  convolution 
chat  is  necessair;  to  represent  Che  slot  distribution  is  accomplished.  The  E-field 
spectrum  is  then  found  from  modification  and  combination  of  the  H-field  spectrum 
components.  Finally,  inverse  Fourier  transformation  and  suianacion  of  che  Fourier 
coefficients  give  che  surface  E-fleld. 

Results  of  che  S-Fteld  Test 


Figures  3  and  4  give  representative  results  after  che  E-Field  Test  has  been 

tmolemented.  The  test  was  first  applied  to  the  analytic  H-spectrun.  This  was  Che 

standard  to  which  ail  ocher  solutions  were  compared.  The  analytic  solution  resulted 

in  an  E  that  was  essentiallv  zero  (a  totailv  flat  curve')  and  an  E  chat  was  well- 
^  '  '  z 

co'.icained.  The  fact  Chat  E  went  Co  zero  in  a  smooch  curve  in  che  z-direction 

instead  of  a  discontinuous  cur'^e  was  due  to  the  numerical  calculation,  and  revealed 

Chat  Che  error  introduced  by  performing  finite  sums  and  integrals  was  negligible. 

Figure  3  shows  the  surface  electric  fields  that  resulted  from  testing  Che  AS-1 

solution.  Because  Che  AS-1  solution  only  has  a  singularity  (peak)  on  che  order  of  1/s, 

it  was  not  necessary  to  resort  to  a  hybrid  computation  Co  obtain  a  reliable  check. 

As  can  be  seen,  the  E  field  has  significant  non-zero  concent  and  Che  extent  of 

'P 

Che  corresponding  field  is  much  broader  than  Chat  of  the  modal  solution. 

Figure  4  shows  che  effects  of  testing  the  A5-3  solution  using  the  hybrid  method. 

The  hybrid  method  was  used  because  of  Che  higher-order  source  region  terms  present 
in  che  AS-3  solution.  The  resultant  surface  E^^  field  is  verr  small  and  displays  a 
rippled  character. 

The  fields  that  resulted  from  testing  Che  AS-4  solution  using  the  hybrid  technique 

were  essentially  identical  to  Chose  of  Fig.  4,  although  there  were  slight  numerical 

differences. 


DISa’SSION  OF  E-FTELD  TEST 


Tha  E-Fleld  Test  represents  an  example  of  global  test.  That  is,  Che  test  is  applied 
once,  and  the  results  determine  if  the  field  everywhere  is  correct.  If  the  approx¬ 
imation  does  accurately  predict  Che  surface  magnetic  fields,  then  che  corresponding 
electric  fields  will  re-create  chose  obtained  bv  testing  che  analytic  H-transform. 
within  che  constraints  of  numerical  accuracy.  UTien  results  do  not  duplicate  those 
of  che  analytic  standard,  then  one  can  only  say  chat  some  error  is  present. 

Specifying  what  che  error  is,  or  in  what  region  it  occurs,  is  verv  difficult,  perhaps 
impossible,  from  observing  the  results  of  a  single  test.  However,  bv  comparing  the 
results  from  tests  of  different  approximate  solutions,  some  insight  can  be  gained. 

The  results  presented  hare  provide  a  good  example  of  what  can  be  learned  from 
comparing  cost  results  of  different  solutions.  Figures  3  and  reveal  chat  the 
E-Fleld  Test  is  sensitive  to  Che  source  region  behavior  of  che  oroposed  solution 


and  raijitl.v«Lv  lns«usi.tiv«  to  th«i  l.'irs«-'''at'o  lonath  belmvlor.  E  fltfldsi 

f 

ot  F'.ij*  i.  oorriispondlnd  to  chu  AS-l  ioUition,  ar>«  quit*  di??dr*nt  from  thoa*  of 
Flq.  tdaultlus  from  t!\*  AS--*  solution,  diisplt*  tlto  fact  tiiat  t'.ialr  larqcJ-path 
length  behaviors  ar»  Identical.  wi*  approximate  solutions  of  Figs.  3  ind  -*  differ 
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onl'’  In  the  I'lts^  and  iV,s3  source  region  terms.  Vbid  point  Is  reinforceil  bv  the 
fact  Chat  Fig.  •*  represents  results  from  a  test  of  either  the  AS-3  .ind  AS-.*  soLutvons. 
As  kR  *  »,  Che  source  regions  of  the  A.S-3  and  AS-d  solutions  both  go  to  a  planar-tvpe 
singuiaritv.  .Viong  theta  equal  to  nlnetv  degrees,  lu'wever,  Che  AS-3  shows  atCenu- 

acion  as  vks3  for  l.»rge  path  lengths,  while  die  AS-.*  solution  shows  attentuac Ion 

as  vks’'  Tie  S-Fleld  Test  w.is  vinable  to  discern  between  the  AS-3  .»nd  AS-s  solu¬ 

tions.  desplco  the  significant  differences  in  large  path  lengdi  bensv lor . 

In  summarv,  the  resulting  E-fleld  after  performance  of  the  tost  does  provide  a  good 
qualitative  measure  of  how  well  the  aavmptotlc  solution  satisfies  the  E-fleld 
boundarv  condition.  Indeed,  application  of  the  test  to  the  transform  of  the  exaot 
modal  solution  did  result  in  fields  that  satisfied  the  boundarv  condition  quite 
•.•ell.  In  addition,  .application  of  the  test  to  approximate  asvmptotlc  solutions 
siK'wed  chat  Chev  did  not  test  as  well  as  the  ex.acC  solution.  In  this  respect.  Che 
S-Fleld  lest  does  provide  a  good  "global  test"  of  a  proposed  solution,  i  .  e .  .  if 
tile  solution  is  accurate  evor^•whero,  the  solution  will  show  good  results  from  the 
test . 

vM  Che  ocher  hand,  when  comparing  the  rel.iclv*  .tccur.acv  of  approximate  solutions. 

Che  source  region  behavior  appears  to  bo  more  critical  for  satisfaction  of  the  test 
Chan  Che  large  'path  length  behavior  —  .a.svmptocio  solutions  chat  contain  higher- 
.  .  1  3 

order  terms  (Is  ,  Is  3  in  the  source  region  H-fleld  do  satlsfv  Che  E-fleld  Test 
better  chan  solutions  chat  contain  onlv  terms  on  Che  order  of  1/s.  The  large-oath, 
length  behavior  did  not  appreclablv  affect  the  test  results. 

Emphasis  of  the  source  region  Is  not  necessar ilv  detrimental  to  the  E-Flold  lest, 
for  It  Is  llkelv  that  the  source  region  will  heavllv  Influence  the  computation  ot 
values  of  phvslcal  par.am#ters  of  Interest,  such  as  the  mutual  Imped.ince  between  two 
slots  on  a  curved  surface.  '.Jtre  .tntennas  provide  good  analog'',  for  the  source 
region  behavior  dominates  calculation  of  Che  self-  and  mutual- Impedance .  .»nd  the 
current  behavior  at  the  end  plavs  less  of  a  role.  .Vn  E-fluld  bound-in.'  condition 
check  of  a  wire  antenna  would  not  be  Influenced  verv  mvich  bv  the  current  far  awav 
from  the  source,  but  h#  source  region  sensitive.  It  Is  not  surprising,  then,  chat 
the  S-fleld  check  reveals  little  .tbouc  the  local  character  of  the  solution,  bvit 
Instead  provides  more  of  a  global  test.  Hie  point  should  be  made,  however,  that  a 
large  path  length  solucl.in  for  the  antenna  currant  would  probablv  be  of  ver"  ll.nlcad 
use, since  both  the  Impedance  behavior  and  Che  radiation  pattern  derived  from  this 
tvpe  of  asvmptotlc  solution  'would  be  grosslv  In  error.  I'.'.e  E-?leld  lest  prcpos.tu 
la  this  paper  is  able  Co  distinguish  botveen  a  solution  which  ha.s  ,i  better  overall 
behavior  on  the  entire  surface  and  an  alternate  solution  which  Is  onlv  good  In 
local  Isolated  regions,  bvic  has  large  errors  In  ocher  reg'.ons  where  the  current 
is  slgnlf lc.tnc . 

Some  numerical  .llfficultlas  were  oncoimcersd  during  execvitlon  the  test.  IV.i' 
hlgh-order  source-raglon  terms  made  It  qvilte  difficult  for  the  "FT  to  iccurat.-lv 
compute  the  Integral  Involved.  Since  use  of  the  FFT  requires  .'qviallv  so, iced 
sampling  over  the  Interval,  a  sampling  sufficient  to  aocuratelv  ev.nluace  the  -eak 
resulted  In  matrix  sices  too  large  for  some  computers  E\’I3FR  'v .  for  example' . 

For  solutions  whose  source-region  behavior  'sent  to  a  ''lanar-t"ne  singularlf.’  In 
the  limit,  however,  analvtlc  evaluation  of  t!ie  planar  spectrum  illowed  connlotion 
of  Che  test.  .V  solution  'vnicn  contains  Mgher-oraer  source  region  terms  .'ut  does 
not  go  to  pl.inar  tvpe  beh.ivlor  In  the  limit  Is  quite  difficult  to  test  bv  this 


3eChod  unless  it  has  an  analytical  transfora  (or  unless  the  investigator  has  an 
extraordinarily  large  computer).  However,  such  a  behavior  would  not  be  expected 
to  be  physically  aeaningful  anyhow. 

■> 

The  Ao-2  solution  is  a  good  example  of  this,  for  it  contains  the  l/s~  source  region 

term,  but  not  the  1/s^  term.  This  solution  could  be  tested  by  modifying  .ts  source- 

3 

region  behavior  by  the  addition  of  the  l/s  term  and  performing  a  hybrid  computation. 
This  was  not  done,  since  comparison  of  the  .-15-3  and  AS—*  tests  indicates  that  solu¬ 
tions  with  the  same  limiting  source  region  behavior  yield  virtually  identical 
E-Field  Tests. 

To  sum  up,  it  appears  that  the  E-Field  Test  can  provide  a  measure  of  the  accuracy 
of  a  proposed  asymptotic  solution.  An  FFT  is  employed  so  that  the  evaluation  of 
the  integrals  involved  may  be  efficiently  performed,  but  some  care  must  still  be 
taken  in  the  computation.  The  test  reveals  that  solutions  which  have  planar-type, 
source-region  behavior  in  the  limit  satisfy  the  E-field  boundary  condition  better 
chan  those  that  only  have  terms  on  the  order  of  l/s.  The  test  is,  however,  rela¬ 
tively  insensitive  to  Che  large  path -length  behavior  of  a  solution. 

IMTEGRAL  S-FIZLO  TEST 

Introduction 


The  E-rield  Test  just  described  was  qualitative  in  nature  and  highly  dependent  on 
the  source  region  accuracy  of  the  proposed  solution.  The  E-Field  Test  was  global 
in  nature  and  unable  to  discriminate  between  solutions  which  had  similar  charac¬ 
teristics  in  the  source  regions,  but  varied  in  their  long-path-length  behavior. 

The  "Integral  E-Fieid  Test"  described  here  is  an  attempt  to  achieve  a  "local"  test. 
This  test  is  also  based  on  satisfaction  of  the  electric  field  boundary/  condition  at 
the  perfectly  conducting  surface. 

The  Integral  E-Field  Test  is  quantitative  in  nature,  is  straightforward  in  appli¬ 
cation,  and  displays  a  mixed  local/global  nature.  Under  some  circumstances,  the 
test  lends  itself  to  application  as  an  iterative  equation  for  point-by-point 
improvement  of  a  proposed  solution. 

Inspiration  for  the  Integral  E-Field  Test  came  from  the  observation  chat  lorentc 
Reciprocity  allows  the  use  of  test  dipoles  that  can  be  located  at  tne  tester's 
discretion.  A  new  equation  results  from  each  new  location  of  the  test  dipole 
(or  dipoles),  which  opens  the  possibility  of  achieving  a  "local"  test.  It  is  seen 
that  the  Integral  S-Field  Test  displays  a  mixed  local/global  character,  in  general, 
but  chat  along  theta  equal  to  ninety  degrees  the  source  region  of  a  proposed  solu¬ 
tion  can  be  essentially  excluded  from  contributing  to  the  accuracv  test,  yielding 
a  very  strong  local  or  point-test  character.  Under  those  circumstances  the  Integral 
S-Field  .Accuracy  Teat  also  lends  itself  to  formulation  as  an  iterative  equation, 
allowing  point-by-point  improvement  of  a  proposed  solution. 

Formulation  of  the  Integral  E-Field  Test 

The  Integral  E-Field  Test  may  be  formulated  using  Green's  Identities,  Ger.eraliced 
Lorantr  Reciprocity,  or  from  first  principles  using  Maxwell's  Equations  and  Gauss' 
Law.  The  defining  equation  for  the  Integral  E-Field  Test  ts  given  by. 

(i  -  Fxir)  •  da  -  i  ^  ^  (h~-^  -  ir->r)dv  iin 

V 

where  fields  and  sources  from  two  different  environments,  A  and  3,  are  related  in 
a  single  equation.  In  order  to  achieve  an  accuracv  test.  Environment  A  will  denote 


L 


Che  envlronmenc  of  che  approximate  solution,  chat  is,  an  infinitely  long,  perfectly 
conducting  circular  cylinder  in  free  space.  An  infinitesimal  phi-directed  magnetic 
- 

dipole,  M"  ,  radiates  in  Che  presence  of  che  cylinder  (Fig.  la).  Environment  B  is 
made  up  entirely  of  free  space.  A  magnetic  dipole  source  (or  sources),  M^,  is 

-a  ^ 

placed  in  Environment  3,  giving  rise  to  electric  and  magnetic  fields  &  and  3 
(Fig.  5).  The  fields  in  Environment  A  are  termed  "asymptotic  fields"  because  they 
are  given  by  che  approximate  asymptotic  solution.  The  fields  in  Environment  B  are 
termed  "test  fields"  because  they  are  employed  to  evaluate  che  accuracy  of  a 
proposed  solution.  The  volume  V  is  defined  as  being  enclosed  by  surface  S,  which 
is  made  up  of  concentric  circular  cylinders,  and  S^.  Cylinder  has  radius 

R  +  5,  where  5  is  vanishingly  small,  and  has  infinite  radius.  In  Environment 

A,  S  and  are  placed  so  that  their  axes  coincide  with  the  axis  of  the  perfectly 
conducting  cylinder;  while  in  Environment  3,  S  can  be  placed  anywhere  as  long  as 

it  does  not  intersect  any  of  the  sources,  Since  the  sources  in  both  Environ- 

ments  A  and  3  are  of  finite  extent,  the  fields  ET  ,  H*  ,  E  ,  and  H  obey  the  radi¬ 
ation  condition  -  with  the  resiilt  that  the  surface  integral  over  S^  is  zero. 
Equation  17  can  then  be  rewritten  as 


/  /  E^^I^-dl  -  /  /  E^xf^-dl  -  ///^(l^.Ff^  -  H='.^)dV  .  (18) 

The  accuracy  test  is  accomplished  by  arguing  that  the  exact  solution  to  a  dipole 
radiating  in  the  presence  of,  but  not  on,  the  perfectly  conducting  cylinder  would 
satisfy  che  boundary  condition  chat  che  tangential  electric  field  is  zero  every¬ 
where  on  the  perfectly  conducting  cylinder  surface.  Taking  5  to  be  vanishingly 
small,  the  surface  almost  coincides  with  che  conducting  surface  so  that  che 

magnitude  of  che  left-hand  side  of  Equation  IS  can  be  made  as  small  as  desired, 
approaching  zero  in  che  limit  as  5  goes  to  zero.  The  amount  that  the  right-hand 
side  of  Equation  13  differs  from  zero  is  termed  che  "error,"  s,  and  is  used  as  a 
basis  for  comparing  proposed  solutions  to  che  problem  embodied  in  Environment  A, 

s  -  /J  E^  X  -  ///  (H^.tr^  -  l^.S3)dv  .  (19) 

w*  V 

c 

S-M3 


If  delta-function  type  sources  are  used  for  both  Environments  A  and  3  (and  thev 
are  Implied  by  Che  proposed  solutions  of  Environment  A) ,  Chen  Che  volume  integral 
of  Equation  19  reduces  to  a  sampling  operation  and  becomes 

e  -  /g/  E®  X  ff^.da  -  H®(M^)  +  r^(M^)  (20) 

5-M) 


where  the  symbol  H^(M-^)  denotes  the  operation  l^(Xj  ,  y^  ,  Zj)*M'^ 


in  which  che  fields 


of  Environment  i  are  sampled  at  che  position  of  che  sources  in  Environment  j ,  and 
che  doc  product  is  taken  with  che  unit  vector  parallel  to  che  "j"  source.  Now, 
if  e  is  sufficiently  small.  Equation  20  can  be  cast  into  che  form  of  an  iterative 
equation 


(y3) 


H®(M-')  - 


f  r 

I  f  C. 

-  S'* 
c 
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Thus,  che  field  at  a  point  (che  location  of  source  M^)  can  be  updated  by  modify 
che  proposed  approximate  solution  by  che  error  term  associated  with  that  point. 


(21) 


.ng 


Observe  chec  the  exact  solution  would  satisfy  c  "  0  in  Equation  20,  so  that  using 
Equation  21  to  iterate  would  not  change  the  field  value. 

In  review,  the  foraulation  of  the  Integral  E-Field  Accuracy  Test  has  been  accom¬ 
plished  through  the  use  of  well-known  properties  of  electromagnetic  fields.  The 
resulting  equation  is  straightforward,  involves  known  quantities,  and,  in  general, 
consists  only  of  sampling  operations  and  numerical  integration.  In  some  cases,  the 
test  can  lend  itself  to  point-by-point  improvement  of  a  proposed  solution.  Local 
or  point-test  character  is  embodied  in  two  ways:  1)  By  the  explicit  sampling 
operation  of  the  surface  nagnetlc  field,  and  2)  by  the  fact  that  the  near  field  of 
the  test  dipole  tends  to  emphasize  the  local  aagnetic  fields  in  the  integral  of 
Equation  20.  The  test,  in  general,  cannot  be  entirely  local,  however,  for  the 
integral  of  Equation  20  covers  the  entire  surface  of  the  cylinder.  In  particular, 
unless  the  test  electric  fields  can  be  constructed  to  be  nearly  zero  in  the  region 
around  the  asymptotic  source,  then  the  large  magnetic  fields  in  the  asymptotic 
source  region  will  certainly  contribute  Co  the  integral  and  thus  affect  the  test 
results.  Thus,  one  would  expect  Che  Integral  E-Field  Test  to  have  a  mixed  local/ 
global  character. 

It  is  proper  at  this  point  to  note  that  while  the  development  of  the  Integral 
E-Field  Test  has  been  carried  out  in  Che  space  domain,  spectral  domain  calculations 
are  an  alternative  when  using  Che  test.  Specifically,  Parseval's  Theorem  can  be 
used  to  change  Che  space  integral  of  Equation  20  to  an  integral  in  the  transform 
domain.  Performing  Che  integration  in  the  transform  domain  is  particularly  valu¬ 
able  if  a  proposed  solution  is  to  be  tested  at  a  large  number  of  points, for  in  that 
case,  "moving”  the  test  dipole  around  can  be  accomplished  by  adding  Che  proper 
phase  shift  terms  to  the  integrand  of  Equation  20.  It  is  the  authors'  experience 
that  use  of  transform  domain  integration  results  in  a  considerable  gain  in  compu¬ 
tational  efficiency  over  spatial  integration.  To  justify  use  of  the  spectral 
domain,  chough,  Che  asymptotic  solution  must  be  tested  at  enough  points  to  recover 
Che  expense  of  obtaining  the  spectral  domain  representation  of  the  proposed 
solution. 


Practical  Considerations  for  the  Integral  E-Field  Accuracv  Test 


While  Equation  19,  which  defines  the  test,  appears  to  lend  itself  to  direct  evalu¬ 
ation,  several  practical  aspects  of  the  evaluation  must  be  considered.  First,  an 
important  step  in  formulating  Equation  19  was  chat  the  tangential  E-field  vanish 
for  a  source  radiating  in  the  presence  of  the  cylinder,  while  the  published  solu¬ 
tions  are  for  the  case  of  a  dipole  radiating  on  the  cylinder  surface.  To  perform 
Che  test,  the  proposed  solutions  were  extended  to  the  case  of  a  dipole  radiating 
a  distance  A  away  from  the  cylinder  by  modifying  the  path  length  s  used  in 
determining  the  surface  field.  The  modified  path  length  s'  used  in  Equations  3-7 

was  computed  from  s'  ■  /s  +  A  ,  where  s  is  the  surface  path  length.  In  addition 
Co  satisfying  the  assumption  made  in  formulating  the  test,  raising  the  dipole 

allows  numerical  calculation  of  the  integral  in  Equation  20,  since  the  fields 

have  a  finite  peak  and  are  not  singular  (source  region  fields  are  singular  for 
a  dipole  located  on  Che  surface) . 


Location  of  the  test  dipole(s)  with  respect  to  the  surface  coinciding  with  the 

perfectly  conducting  cylinder  (this  surface  is  denoted  S^)  greatly  influences  the 

test  results.  A  test  dipole  placed  so  that  it  sampled  the  surface  magnetic  field 
of  the  approximate  solution  would  seem  to  Lend  a  local  character  to  the  test. 

However,  a  test  dipole  so  located  would  introduce  singular  E^  fields,  which  makes 
numerical  integration  more  difficult.  Accordingly,  the  test  dipole  is,  in  general, 


locacsd  a  A  discaace  away  from  the  surface  corresponding  to  Che  cylinder  surface. 

3  -V 

The  Z  fields  on  the  surface  of  Integration  are  calculated  exactly,  but  the  H* 

3  \  3 

field  at  M*^  is  approximated  by  the  iT  field  at  the  point  on  closest  to  the 

location  of  M^.  In  ocher  words,  if  Che  sampling  operation  required  finding 

3*^(3  +  A,  Z^) ,  this  would  be  approximated  by  H^(R,  Z^) .  The  error  intro¬ 

duced  by  this  approximation  was  checked  by  applying  Che  test  to  a  problem  with  a 
known  solution,  chat  of  a  magnetic  dipole  radiating  over  an  infinite  ground  plane. 
For  A  equal  to  one  sixteenth  of  a  wavelength,  Che  error  introduced  by  this  assump¬ 
tion  was  negligible  compared  to  t's  computed  in  Che  cylinder  test. 


Observe  chat  Che  user  has  complete  freedom  to  place  one  or  several  test  dipoles 
in  Environment  B.  For  example,  two  test  dipoles  could  be  used,  located  at 
(R  +  A,  2^2^)  and  (R  +  A,  would  have  the  effect  of 

creating  a  plane  of  zero  fields  Chat  coincide  with  Che  source  region. 
Evaluation  of  Che  integral  of  Equation  20  shows  chat  this  would  decrease  the 

contribution  of  the  source  region  fields  (due  Co  zero  E^)  and  emphasize  the 

source  region  field.  As  this  illustrates,  use  of  multiple-dipole  test  config- 

uracions  generally  involves  a  trade-off  of  some  kind,  so  chat  Che  simple  single 

test  dipole  located  A  away  from  S"  has  been  chosen  as  the  "standard"  test. 


Results  of  c.he  Integral  E-Field  Test 


Representative  results  of  the  Integral  E-Fleld  Test  are  presented  In  Figs.  6-11. 
These  represent  application  of  Che  test  Co  Che  AS-1,  AS-2  and  AS-3  solutions  along 
theca  equal  to  ninety  degrees  and  along  theta  equal  to  zero  degrees.  A  single  test 
dipole  was  used  for  Figs.  6-8  and  11-13.  For  tests  along  3  “  r/2,  along  the  cylin¬ 
der  axis,  a  two-test-dipole  configuration  was  also  used  with  phi-directed  test 
dipoles  located  at  (R  +  A,  0,  and  (R  -  A,  0,  .  The  test  equation  under 

these  conditions  becomes 

5-0 

The  figures  present  the  H.  field  to  be  tested,  error  results,  and  after  apoli- 

cation  of  Che  iterative  equation.  Several  factors  combine  to  increase  confidence 
in  Che  test  results  along  d  -  90*.  First,  Che  magnitude  of  Che  error  term  is 

relatively  small  with  respect  to  the  magnitude  of  so  chat  the  crite¬ 

rion  for  successful  iteration  is  close  to  being  met.  Second,  for  both  single-  and 
dual-dipole  tests,  the  asymptotic  source-region  field  contributes  veir^  little  to 
Che  integral  that  makes  up  the  error  term.  For  the  single  dipole,  this  is  easily 

a 

seen  from  Che  fact  chat  for  Z^^^  »  A  along  3  -  90®,  the  E  field  evaluated  at 

(R,0,0)  will  be  primarily  o-directed  with  a  vary  small  E,  or  E,  component.  At  the 

3  ■  ^  3 

same  time,  the  test  field  E  directly  underneath  the  test  dipole  will  have  a  ver*^ 
large  E  component,  emphasizing  Che  local  field.  For  two  dipoles  located  at 

(R  +  A,  0,  ,  Che  plane  of  zero  tangential  electric  fields  is  tangent  to  the 

cylinder  at  b  ■  0,  thus  reducing  Che  asymptotic  source  region  contribution.  Local 

H.  field  emphasis  does  not  occur  with  the  two-dipole  test,  however,  since  the  olane 

of  zero  tangential  S-fields  extends  through  2  ■  Z„^.  Thus,  for  Z_-^  >>  A  along 

kS  A  aS  a 


3  ■  90®,  Che  Incegral  S-Field  Test  should  have  a  very  strong  local  character  and 
be  alnost  unaffected  by  the  source-region  accuracy  of  the  proposed  solution. 

Single-dipole  tests  along  angles  ocher  than  3  ■  90®  vill  introduce  an  as^iptotlc 
source  region  contribution  to  the  incegral  of  Equation  20,  with  the  amount  of 
contribution  dependent  on  the  path  length  and  3-angle.  The  local  E-fields  in  the 
vicinity  of  the  test  dipole  remain  large,  so  chat  it  is  expected  that  the  test  will 
display  a  mixed  local/ global  character.  The  results  of  Figs.  11,  12,  and  13  reflect 
this;  for  while  the  zeroth-order  magnitudes  are  relatively  close,  there  is  a  large 
variance  in  the  associated  errors.  If  the  test  were  truly  local,  the  associated 
errors  should  also  be  relatively  close.  Examination  of  Figs.  11  and  13  reveals 
chat  along  3  >  0®  the  iterative  equation  is  divergent  instead  of  convergent.  Close 
examination  of  the  results  of  the  evaluation  of  the  integral  of  Equation  20  reveals 
that  the  contribution  from  the  vicinity  of  the  source  dominated  the  contribu¬ 
tion  from  the  rest  of  the  surface,  including  the  region  around  the  test  dipole. 

The  Integral  of  Equation  20,  in  turn,  is  Che  highest  contributor  to  the  error,  e. 
Thus,  for  0  ■  0®,  the  Integral  E-Field  Test  retains  local  character  only  in  the 
sampling  operation.  The  large  source-region  contribution  drives  the  error  term  up 

so  chat  its  magnitude  is  not  small  compared  to  and  the  iterative  aquation 

diverges . 

One  may  be  tempted  to  employ  two  dipoles  located  at  (x^'‘^  ■  Scos  b  ,  y^^^  ■  R  sin  b  , 
(2)  (1)  (2)  (1)  ^  t  •  c  c 

Zj.)  and  at  (x^  ■  2R  -  x^  ’  *  ^c  ’  ^c^  obtain  asymptotic  source-region 

cancellation.  Tais  introduces  the  problem  of  determining  the  scattered  field  at 
Che  location  of  the  second  dipole.  Unfortunately,  if  surface  equivalent  currents 
are  used  to  find  the  scattered  field  at  the  test  dipole,  then  it  can  be  shown  chat 
the  test  is  identical  to  a  single-dipole  test.  That  is,  the  use  of  surface  equi¬ 
valent  currents  to  find  always  leads  to  the  result  that  t  -  0,  for  anv 

proposed  solution  when  is  entirely  located  external  to  S^.  (Observe  chat  for 

3  ■  90®,  the  second  dipole  lies  outside  of  v,  and  this  problem  is  not  encountered.) 
Use  of  other  approximations  to  find  the  "scattered  field"  external  to  the  cylinder 
would  introduce  an  unknown  error,  so  use  of  remotely  located  dipoles  was  abandoned 
for  angles  ocher  chan  3  •  90®. 

Thus,  the  "Integral  E-Field  Test"  displays,  in  general,  a  mixed  local /global 
character  which  changes  according  to  the  location  of  the  cast  dipole.  For  3  ■  90® 
the  test  has  almost  entirely  a  local  character,  with  very  little  contritivcion  from 
the  asymptotic  source  region.  Under  these  conditions,  the  error  term  is  raa.acivelv 

small  compared  to  (M^)  and  the  iterative  equation  converges.  For  angles  ocher 

chan  3  ■  90®  the  asymptotic  source  region  begins  to  contribute  to  the  incegral, 
resulting  in  a  mixed  local/global  nature.  Ac  the  same  time,  errors  in  the  source 
region  tend  to  increase  the  magnitude  of  Che  error  term,  so  that  it  is  no  longer 

small  compared  to  (M^) .  In  this  case,  the  iterative  equation  shows  less  of  a 

tendency  to  converge  and  may  diverge. 

Summarv  of  Integral  E-Field  Test 

Generalized  Lorantz  Reciprocity  has  been  employed  to  formulate  an  accuracv  test 
that  can  be  used  to  check  any  proposed  solution.  The  test  is  straightforward  in 
application  and  general  in  nature,  chat  is,  not  limited  to  casting  only  cylindrical 
geometries.  The  test  is  quantitative  in  nature,  and  requires  only  numerical 
integration  for  implementation.  Either  the  spectral  domain  or  the  spatial  domain 
can  be  amoloyed  for  computation  of  the  integral  in'/olved.  For  tasting  a  large 
ntimber  of  points,  economics  tend  to  favor  computation  in  the  spectral  domain, 
while  for  testing  a  small  number  of  points  spatial  domain  integration  is  indicated. 


ThA  lacegral  E-Fleld  Test  haa  local  character  In  that  the  error  computed  is  asso¬ 
ciated  with  a  single  point,  although  the  entire  solution  contributes  to  the 
computation  of  the  error  term.  In  cases  where  the  error  is  small  compared  to  the 
value  of  the  proposed  solution,  the  test  lends  itself  to  use  as  an  iterative 
equation. 

When  the  test  is  applied  to  the  problem  of  magnetic  dipole  radiation  in  the  presence 
of  an  infinite, conducting  cylinder,  it  was  found  that  tests  along  the  cylinder  axis 

-1/2 

lend  themselves  to  iteration.  Along  the  axis,  solutions  that  vary  as  (ks)  test 

better  than  solutions  that  vary  as  (ks)  ^  for  large  path  lengths.  Tests  at  points 
other  than  on  the  axis  generate  error  terms  that  are  large  with  respect  to  the 
approximate  field  value,  so  that  the  iterative  equation  is  not  convergent.  The 
source  regions  of  each  of  the  proposed  solutions  were  found  to  contribute  signifi¬ 
cantly  to  the  large  error  terms  for  tests  of  points  off  the  cylinder  axis. 

OVEByiEW  OF  E-FXELD  A:ID  lyTEGtlAL  E-FIELD  TESTS 

Two  tests  based  on  satisfaction  of  the  E-field  boundary  condition  have  been  presented. 
Both  have  been  applied  to  proposed  solutions  to  the  problem  of  a  magnetic  dipole 
radiating  in  the  presence  of  an  infinitely  long,  perfectly  conducting  circular 
cylinder.  The  E-Field  Test  is  based  on  relating  the  spectral  domain  of  the  surface 
magnetic  field  to  that  of  the  surface  electric  field  and  then  evaluating  the  surface 
E-fleld.  The  test  is  effected  by  observing  how  well  the  resultant  E-fleld  satisfies 
the  surface  boundary  condition,  imd,  as  such,  is  a  direct  test  of  boundary  condition 
satisfaction.  The  E-Field  Test  has  a  global  character  in  that  it  can  be  applied  to 
a  proposed  solution  only  once.  For  the  solutions  tested  so  far,  the  E-Field  Test 
seems  most  sensitive  to  the  source  region  of  a  proposed  solution  and  relatively 
insensitive  to  large  path  length  behavior.  One  cannot  say  that  only  the  source 
region  is  tested,  though,  because  gross  errors  in  a  proposed  solution  might  evidence 
themselves  in  the  E-Field  Test. 

The  Integral  E-Field  Test  can  be  formulated  from  Generalized  Lorentz  Reciprocity 
and  employs  "test"  dipoles  situated  in  free  space.  The  surface  electric  field 
corresponding  to  the  solution  being  tested  is  never  computed,  so  that  the  Integral 
E-Fleld  Test  is,  in  effect,  an  indirect  boundary  condition  check.  It  has  local 
character  in  that  the  test  results  can  be  associated  with  the  field  at  a  partic¬ 
ular  point,  and  the  test  can  be  repeated  many  times  at  different  points  for  the 
same' proposed  solution.  Results  of  the  Integral  E-Fleld  Test  display,  in  general, 
a  mixed  local/global  character.  For  tests  on  or  near  the  cylinder  axis,  the  local 
character  is  very  strong;  while  for  tests  in  the  "deep  shadow"  region,  less  local 
character  is  retained  and  the  asymptotic  source  region  becomes  dominant.  Under 
some  circumstances,  including  tests  along  the  cylinder  axis,  the  Integral  E-Field 
Test  lends  itself  to  use  as  a  convergent  iterative  equation.  The  Integral 
E-Field  Test  formulation  is  quite  general,  and  application  is  not  limited  to 
cylindrical  structures. 

In  summary,  the  E-Field  and  Integral  E-Field  Tests  appear  to  be  complementary. 

One  is  global  and  the  other  has  a  mixed  global/local  nature.  One  test  is  highly 
source  region  sensitive  and  relatively  insensitive  to  large-path-length  behavior. 

For  the  ocher  test,  the  source  region  can  essentially  be  excluded  from  contrib¬ 
uting  to  Che  result.  Finally,  the  possibility  of  iteracive  improvement  of  a 
proposed  solution  is  offered,  if  some  relatively  stringent  conditions  can  be  met. 

ITERATIVE  ACaHACY  TEST  FOR  BOIDmARY  CONDITIONS 

Both  Che  E-Field  Test  and  the  Integral  E-Field  Test  were  applied  to  asymptotic 
solutions  of  surface  magnetic  fields.  The  asymptotic  solutions  tested  predicted 


Solution  -  1  (AS-1)  [T]  -  [3],  and  Asymptotic  Solution  -  2  (AS-l'  '3;,  based  on 
Their  chronological  order  of  publication.  The  third  approxiaate  solution  '10;  - 
[11]  is  based  on  a  modification  of  the  wor!c  of  V.  A.  7oci;,  vhich  addresses  the 
problem  of  radiation  on  a  sphere  and  is  denoted  Asymptotic  ^P^ution  -  3.  or  AS-3. 


both  Che  near  field  and  long-path-length  behavior  of  a  magnetic  dipole  radiator. 

A  more  CradiCtonal  and  wide-spread  use  of  as^-mipcocic  solutions  is  to  predict  the 
far-field  behavior  of  scattering  bodies.  For  analyzing  complex  scattering  bodies, 
the  engineer  today  can  draw  on  a  range  of  asymptotic  techniques,  including  different 
"uniform"  solutions.  In  analyzing  a  complex  body,  the  investigator  is  likely  to 
combine  contributions  from  straight  and  curved  edges,  and  possibly  diffracted  rays 
from  curved  surfaces.  A  great  deal  of  work  is  being  performed  today  to  generate 
"diffraction  coefficients"  for  the  various  diffracting  mechanics  needed  to  complete 
the  total  solution  of  the  far  field.  This  section  presents  an  iterative  method 
based  on  spectral  domain  techniques  for  solving  the  far  field  and  induced  currents 
of  a  scattering  body.  .An  important  feature  of  this  method  is  that  at  each  step  of 
the  iterative  method  a  boundar;/  condition  check  is  incorporated  so  that  the 
accuracy  of  the  solution  can  be  evaluated.  This  boundary  condition  check  at  the 
first  iteration  also  provides  a  means  of  evaluating  the  benefit  of  a  proposed 
solution.  In  order  to  Illustrate  use  of  this  test,  it  is  applied  to  check  a  vertex 
diffraction  coefficient  for  scalar-wave  Incidence  that  has  been  proposed  by 
•Albertsen  [12].  .Although  the  application  to  be  illustrated  is  a  scalar  problem, 
the  extension  to  vector  electromagnetics  problems  is  straightforward. 

The  Comer  Diffraction  Coefficient 

The  comer  diffraction  term  investigated  here  gives  the  field  diffracted  from  the 
vertex  when  a  scalar  plane  wave  is  incident  on  an  infinite,  acoustically  soft 
quarter-plane.  Fig.  14.  Such  a  problem  has  been  addressed  by  Kraus  and  Levine  [13], 
NOller  [14],  and  Radlow  [IS].  Recently,  .Albertsen  used  sequential  application  of 
the  Uelner-Hopf  technique  and  saddle-point  integration  to  extract  a  comer 
diffraction  coefficient.  .Albertsen  gives  the  total  scattered  field  from  the 
quarter-plane  as 
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The  scattered  field  due  to  the  comer  only  is  given  by 
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The  comer  diffraction  coefficient  0.,  can  be  determined  from 
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M(9g,bg,9,i) 
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where 


where 
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u  •  -k  sin  9  cos  5  , 

\  ■  -k  sin  9  sin  5  , 

The  M  functions  are  found  from 

■H",  ,  ,  _  4.  k  - - r- 


Jg  -  -k  sin  9g  cos  Sg 

Xg  -  -k  sin  9g  sin  Sg 


wher*  H.  oi  (3b)  dirrars  froo  the  jiven  in  (7]-{3]  bv  a  factor  of  :  ^this  is 
dcr.p  so  Chat  as  k  -  ■>  the  of  (3b)  recovers  icencicailv  the  tara  of  thi 
:'«own  exact  solution).  The  A3-3  solution  is  «i'ren  bv 
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aad  the  Dllog  function  is  defined  by  Dilog  (z) 


d^.  In  practice,  this 


comer  diffracted  field  would  be  added  to  the  edge  diffracted  field  and  the  geo- 
aetrical  optics  field  in  order  to  obtain  the  total  field.  It  is  desired,  then, 
that  this  test  assess  the  contribution  of  the  comer  diffraction  terai  to  satis¬ 
faction  of  the  surface  boundary  condition  (total  field  equals  zero). 

Testing  Procedure 


In  order  to  assess  the  contribution  of  comer  diffraction  to  the  satisfaction  of 
the  boundary  condition,  a  procedure  introduced  by  Ko  and  Mlttra  [2]  was  used.  .A 

truncation  operator  3  is  employed,  which  is  defined  by  9(.A)  ■  /A  3(r-r^)dr, 

r  tS,  where  5  is  the  Dirac  delta  function  and  S  is  the  planar  scattering  surface. 


The  complementary  operator  9  given  by  9(A) 


9(A)  la  als"'  utilized. 


For  an  acoustically  soft  scatterer  the  boundary  condition  requires  that  the  total 
field  be  zero  on  the  scatterer  surface.  The  truncation  operators  can  be  used  to 
express  the  total  scattered  field  in  the  plane  of  the  scatterer  as  the  sum  of  a 

known  field  [3(-D^)  to  satisfy  the  boundary  condition  which  requires  that  the 
scattered  field  exactly  equal  the  negative  of  the  Incident  field  on  the  surface 
of  c.he  scatterer]  and  a  field  which  exists  only  outside  the  surface  and  is  estinatsd 

by  a  proposed  solution  (9(F)),  so  that 


9(-U-")  +  9(F) 


I 


.  - isvijwiia  va  iA;,  tnese 

dirrarancas  ara  raierred  :o  as  "source-region"  differences. 

Long-path  length  differences  are  aost  apparent  along  theta  equal  to  ninety  degrees. 
Ssra,  for  large  s,  both  the  AS-2  and  AS-3  solutions  vary  asymptotically  as  (ks)”^'^", 
while  Che  .4S-1  and  .AS-4  solutions  show  a  free-space-like  attenuation  of  (ks)”^. 


A  scalar  scattering  "current,"  J,  is  defined  by  J  -  ( 
x',y'  i  S,  and  the  scattered  field  is  given  by 


}l’(x'.v'.0~)  3U(x'.v',0  ), 


where  G  is  a  Green's  function  operator  and  *  denotes  convolution.  The  Fourier 
transform  of  the  above  equation  results  in 

J  -  G"^[a(-U^)  +  e(F)]  (: 

where  '  denotes  Che  transform  domain.  Because  G  *  is  known,  and  F  can  be  esti¬ 
mated  from  comer  and  edge  diffraction  terms,  a  surface  current  can  be  obtained 

from  J  »  F  ^{J},  where  F  ^  indicates  inverse  Fourier  transformation.  The  current 
J  is  then  truncated  to  the  scatterer,  “  9(d),  and  the  associated  scattered 
field  determined: 


Note  chat  U_  extends  over  a  wide  range  and  includes  fields  extemal  to  the  scatterer, 

while  J  has  been  truncated  to  the  scatterer  surface.  U.  now  provides  a  basis  for 

^  '■  i 

checking  satisfaction  of  the  boundary  condition,  for  U.  can  be  compared  to  (-U  ) 

on  the  scatterer  surface. 

This  procedure  lends  itself  well  to  iteration,  for  the  scattered  field  can  be 
updated  by  +  9(-U^),  following  which  the  scattering  current 

associated  with  this  field  can  be  found  from 

j(J)  ,  .  (33) 

Boundary  condition  satisfaction  for  this  current  can  again  be  checked  following 
truncation  of  the  scattering  current  and  determination  of  the  resulting  scattered 
field. 

The  iteration-boundary  condition  check  can  be  carried  out  by  the  following 
procedure: 

(1)  Obtain  a  first  estimate  of  the  transform  of  the  scattered  field  in  the 
plane  of  the  scatterer  from  (7)  as 

-  9(-0*)  +  9(F)  (34) 

where  the  F  function  is  given  from  edge  and/or  comer  diffraction  terms. 

Observe  that  9(-U^)  is  exact  as  determined  by  the  surface  boundary  condition, 

while  9(F)  is  approximate,  since  it  has  been  determined  from  a  proposed  asymptotic 
solution. 


(2)  Determine  the  associated  scattering  current  from 

-  f-^{3-^  .  3^°^} 


where  G  is  given  by  exp(ikS)/4TR  and  R  is  the  distance  berween  the  "source"  and 


one  aay  decaraine  the  unicnovm  coefficients  f  and  g  in  tenas  of  the  transfom  of 
che  surtace  H-ciala  as  an 


"obser'/aclon"  points.  Note  that  in  this  application,  R  Is  specialized  so  chat  all 
observation  points  lie  in  the  plane  of  Che  scatterer. 


(3) 

(i) 


Tnincace  the  current  to  the  scatterer  surface 


Deceraine  the  scattered  field  in  the  plane  of  the  scatterer  by 

-  F-^ca .  . 


(36) 

(37) 


Satisfaction  of  the  boundary  condition  on  the  scatterer  surface  can  be  checked 
at  this  point. 


(5)  Update  the  scattered  field  so  chat  the  boundar*/  condition  ^  satisfied. 

-  S(-U^)  +  S(’/°^)  .  (33) 

Note  that  this  step  is  necessary  because  S(U^'^h  has  been  deterained  from 

and  will  not,  in  general,  satisfy  the  boundary  condition.  This  step  is  the 
parallel  to  (12),  except  t.hac  the  external  field  estimate  has  been  updated  by 
the  iteration  procedure,  replacing  the  initial  guess. 

(6)  Continue  the  iteration  by  repeating  Steps  (2)  -  (3),  using  in 

place  or  U  . 

Obviously,  the  iteration  can  be  repeated  as  many  times  as  desired,  or  until 
convergence  of  Che  scattering  current  and  scattered  field  is  obtained.  The 
accuracy  test  is  incorporated  into  Step  4  where  the  scattered  field  is  obtained 
at  Che  surface  of  the  scatterer  and  can  easily  be  examined  to  determine  boundary 
condition  satisfaction.  Mote  that  after  Che  boundary  condition  check  has  been 
carried  out,  in  order  to  continue  the  Iteration,  the  scattered  field  on  Che  surface 
is  discarded  and  replaced  by  Che  known,  exact  scattered  field. 

Testing  the  Comer  Diffraction  Coefficient 


In  order  to  test  the  contribution  of  comer  diffraction  to  satisfaction  of  the 
boundary  condition  on  the  surface  by  Che  method  previously  described,  it  is 
necessary  to  find  the  field  exterior  to  the  scatterer  (3F)  associated  with  comer 
diffraction.  This  is  accomplished  in  Che  following  manner.  The  far  field  as 
scattered  from  the  vertex  of  a  quarter-plane  is  determined  on  a  grid  of  obser¬ 
vation  points,  which  include  points  described  by  imaginary  angles.  This  effec¬ 
tively  gives  the  transform  of  the  field  la  the  plane  of  the  scatterer,  since  the 
rwo  are  related  by 


F{U®(x’,y',0)> 

I 
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a“sin6cosb 

3“3in(3sinb 


(39'> 


3  " 

where  U  (x',y',0)  is  the  scattered  field  in  the  plane  of  the  scatterer,  0*  is 
Che  scattered  far  field,  Q  is  a  constant,  and  3  is  a  standard  spherical  coordinate 
obser'/acion  angle.  A  "asc-Fourier  Transform  (F7T)  algorithm  is  used  to  find  the 

planar  scattered  field  by  inverting  F(U^(x' ,y' .d"* ; .  The  complemencar-.’  operator 

3  is  employed  to  obtain  the  scattered  field  exterior  to  the  quarter  plane.  This 


U  1.  ,  — ,  ana  ..  is  cne  neiint  of  rhe 

dipole  above  Che  C7l:iider.  Because  the  singularities  can  be  expressed  as  derivatives 
^nalyc-c  cranstora  is  obtainable  and  is  of  the  fora  ’ 

-nk  .  -J^'’‘^‘-(a/R)'-k: 
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is  Che  function  desired.  Finally,  an  FTT  is  again  employed  to  get  6F*^,  the 
transform  of  the  F  function  due  to  Che  comer;  this  term  contributes  to  the  trans¬ 
form  of  Che  scattered  field  used  in  Step  (1). 

In  order  to  aid  in  evaluation  of  the  effect  of  the  comer  diffraction  coefficient 
on  boundarv  condition  satisfaction,  two  error  terns  are  defined.  A  global  error 

^  ,  i  .2 

Cera  e  is  defined  as  t,  ■  >  I,  [U.(x  ,y  )  +•  U  (x  ,v  )  ]  i  /N  vhere  x  and  v  are  the 
J  n-1  J  n  •'n  n  -n  ''  n  -n 

positions  of  the  sample  points  on  the  scacterer  and  U  denotes  Che  scattered  field 

^  a 

from  Equation  37  at  the  J —  iteration.  A  local  comer  error  tern  was  defined 

similarl".’,  differing  from  c,  onlv  in  chat  (x  ,  v  )  was  confined  to  the  0.25X  bv 

th  ^  “  *  c' 

0.25\  region  at  the  i— ^  comer.  The  error  terms  that  resulted  from  using  9(F  )  =  0 

(no  comer  contribution)  were  compared  to  those  chat  resulted  when  a  single  vertex 

Cera  was  included  and  to  error  terns  when  contributions  from  all  four  comers 

were  counted. 

The  boundair'  condition  test  was  carried  out  on  a  two  wavelength  by  two  wavelength 
place.  The  testing  procedure  was  carried  through  three  iterations;  Figs.  13  and 
16  present  the  scattered  field  at  each  iteration  for  a  normally  incident  scalar 
wave.  Shown  is  the  scattered  field  for  a  constant  y  value  cut  through  the  place. 
Figure  13  presents  a  cut  near  Che  edge  at  y  ;  0.1  wavelength,  while  Fig.  16  shows 
a  cut  near  the  place  center  at  y  ■  1.0  wavelength.  Figure  17  presents  a  repre¬ 
sentative  scattering  "currant"  very  near  Che  edge  at  y  2  0.03\.  Because  the 
constant  y  cuts  cannot  represent  the  behavior  of  Che  total  scattered  field. 

Tables  1  and  2  present  results  of  the  "error  terms"  t  and  A.  Mote  that  both 
tables  include  results  when  only  one  comer  diffraction  coefficient  was  included. 
The  comer  error  terms  of  Table  2  are  taken  at  the  comer  at  which  a  single  vertex 
diffraction  coefficient  was  included. 

TABLS  1  Total  5MS  Error,  s.  for  Xoraal  Inc idenc e 


‘1 

I 

i 

Ist  Iteration 

2nd  Iteration  . 

No  Vertices 

.223 

.127 

One  Vertex 

.207 

.121  ! 

Four  Vertices 

.156 

- - 

.103  1 

TABLE  2  Local  Comer  SMS  Error,  A.  for  Mormal  Incidence 


! 

1 

^3 

' 1st  Iteration 

2nd  Iteration 

1  3rd  Iteration 

1 

Vertices  •  .3T3 

.205 

i  .069 

One  Vertex  .360 

.192 

i  .067 

Four  Vertices!  .294 

.159 

1  .067 

Oiscussion  of  Results 


The  figures  and  cables  indicate  chat  use  of  vertex  diffracted  fields  does  imnrove 
boundar’?  condition  satisfaction.  Of  greater  interest,  however,  is  the  performance 
of  the  Iterative  Accuracy  Test  far  Boundarr  Conditions  procedure.  The  authors' 
experience  is  chat  both  scattering  currents  and  scattered  fields  are  well  converged 
after  three  iterations  as  illustrated  in  Figs.  15-17. 


while  the  acre  regular  slot  is  readily  handled. 

yepresencaclon  of  the  slot  spectrun  was  achieved  by  ttrst  ieteraiaicig  the  r.-tieid 
spectr-aa  due  to  an  elemental  dipole  source  (the  direct  asvaptotic  solutions  or, 

for  t.he  analytic  case.  5{>)i(z)')  .  The  H-spectr'am  was  Chen 

multiplied  by  the  transform  of  the  slot  distribution,  which  is  equivalent  to 
convolving  the  elemental  source  with  a  distribution  in  the  space  domain,  “or  a 
finite  slot  as  shown  in  "ig.  la,  the  cransfoms  used  were  of  the  fora 


In  addition,  this  procedure  seems  to  be  relatively  insensitive  to  the  initial 
approximation;  indeed,  use  of  an  identically  zero  scattered  field  external  to  the 
scatterer  is  an  acceptable  initial  approximation. 

“or  use  in  electromagnetics  problems,  then,  the  Iterative  .\ccuracy  Test  for  Boundary 
Conditions  can  serve  a  dual  role.  The  contribution  of  a  proposed  diffraction  co¬ 
efficient  to  boundary  condition  satisfaction  can  be  determined  by  carrying  the  test 
through  one  iteration  for  two  different  cases:  First  using  the  far  field  as  given 
by  physical  optics  plus  (possibly)  ocher  known  diffracted  fields  (such  as  edge 
diffraction)  and,  second,  using  the  far  field  of  the  first  case  plus  that  added  by 
the  proposed  diffraction  coefficient.  Examination  of  the  surface  fields  indicates 
the  change  in  boundary  condition  satisfaction  due  to  the  solution  under  test. 
.Alternatively,  the  Iterative  procedure  can  be  used  to  solve  for  the  far  field  and 
scattering  currents  without  resorting  to  asymptotic  techniques.  If  the  body  Is 
such  Chat  Che  external  scattered  field  is  appreciably  different  from  zero,  then 
asymptotic  solutions  can  be  used  to  formulate  the  initial  guess,  with  a  possible 
increase  in  the  race  of  convergence. 

It  should  be  pointed  out  here  that  solution  for  the  scattering  currents  inherent 
in  this  method  is  an  important  attribute.  Given  the  scattering  currents,  the 
engineer  is  able  to  compute  both  far  fields  and  near  fields;  and  the  fields  so 
determined  are  guaranteed  to  be  regular  and  free  of  singularities. 

SUMMARY 


Three  different  procedures  for  testing  the  effect  of  asymptotic  solutions  on  boundary 
condition  satisfaction  have  been  presented.  Two  are  formulated  entirely  using  spec¬ 
tral  domain  techniques,  while  the  third  retains  the  option  of  performing  the  test 
entirely  in  the  spatial  domain.  Two  tests  are  best  suited  for  testing  asymptotic 
solutions  CO  surface  fields,  while  the  third  can  also  be  employed  to  test  asymptotic 
solutions  chat  give  Che  scattered  far  field.  One  of  the  tests  is  particularly 
well-suited  for  use  as  an  iterative  equation  and  seems  relatively  insensitive  to 
the  initial  approximation.  In  contrast,  the  iterative  aspects  or  the  Integral 
E-Field  Test  are  limited  to  particular  cases  where  certain  conditions  are  met. 

Two  of  the  tests  are  global  in  nature  and  test  the  entire  solution,  while  the 
"Integral  E-Field  Test"  displays  both  global  test  and  local  test  characteristics. 

Vich  communications ,  radar,  and  missile  systems  moving  toward  use  of  higher  and 
higher  frequencies,  it  seems  certain  that  use  of  asymptotic  solutions  by  engineers 
will  increase.  The  tests  presented  here  provide  a  means  by  which  new  proposed 
solutions  can  be  evaluated. 
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.C;  INTEGRAL  E-FIELG  ACCURACY:  TEST 
rCR  HIGH  FREQL'ENCT  ASYMPTOTIC  SOL'JTICNS 


M.  Tew  and  R.  Mirtra 

ABSTRACT 

The  increasing  use  of  conformal  slot  arrays  has  generated  considerable 
interest  in  the  analysis  of  radiation  on  cylindrical  structures.  Since  1974, 
three  different  asymptotic  solutions  to  the  problem  of  radiation  on  an  infinite 
circular  cylincer  have  been  published.  These  solutions,  whose  accuracy  increases 
as  some  parameter  (such  as  the  wavenumber)  increases,  have  the  unfortunate  prop¬ 
erty  that  it  is  difficult  to  estimate  their  accuracy  when  finite  frequencies  are 
used.  Previous  attempts  by  the  authors  at  achie%'ing  an  accuracy  test  for 
evaluating  asymptotic  solutions  resulted  in  a  test  that  was  qualitative  in 
nature  and  highly  dependent  on  the  sou  ce  region  accuracy  of  the  proposed  solutic. 
Through  the  use  of  Green's  Identities,  a  new  test  based  on  satisfaction  of  the 
E-Fiald  boundary  condition  is  formulated.  The  proposed  test  is  quantitative 
in  nature,  is  straightforward  in  application  and  displavs  a  mixed  local/global 
nature.  Under  some  circumstances,  the  test  lends  itself  to  application  as  an 
iterative  aquation  for  point-by-point  improvement  of  a  proposed  solution. 


Introduction 

The  problem  of  magnetic  dipole  radiating  in  the  presence  of  a  conducting 
cylinder  has  received  increased  attention  in  recent  vears  because  of  the  insights 
it  pro'Tides  into  the  performance  of  slot  antennas  on  cylindrical  structures. 
Knowledge  of  the  Induced  currents, for  example,  allows  the  engineer  to  calculate 
mutual  coupling  between  slot  antennas  in  a  conformal  array  or  to  accurately 
compute  far-field  patterns.  Since  use  of  the  exact  modal  solution  is  impractical 
for  numerical  computation  of  the  induced  currents,  approximate  solutions  which 


are  asytaptotic  in  nature  are  often  enployed.  This  paper  proposes  an  accuracy 
test  based  on  satisfaction  of  the  E-field  boundary  condition  which  nay  be 
applied  to  any  proposed  solution. 

The  problen  addressed  consists  of  an  infinitesimal  magnetic  dipole 
radiating  on  an  infinitely  long,  perfectly  conducting,  circular  cylinder. 

The  exact  modal  solution  [l]-[2],  which  is  in  the  form  of  an  infinite  Integral, 
converges  so  slowly  as  to  make  its  use  impractical  for  numerical  calculatic . 
Various  approximate  solutions,  more  suitable  for  numerical  computation,  have 
been  proposed  [3]-[8].  Two  of  the  solutions,  [3]-[6],  are  derived  from  mani¬ 
pulation  of  the  modal  solution.  These  solutions  are  denoted  as  Asymptotic 
Solution  - 1 (AS-1)  [3]-[4],  and  ^^ymptotic  Solution  -  2  (AS-2)  [5]-i6j,  based 
on  their  chronological  order  of  publication.  The  third  approximate  solution 
[7]-[8]  is  based  on  a  modification  of  the  work  of  V.  A.  Jock  addressing  the 
problem  of  radiation  on  a  sphere  and  is  denoted  Asymptotic  Solution  -  3,  or 
AS-3. 

These  approximate  solutions  are  asymptotic  in  nature,  that  is,  their 
accuracy  increases  as  some  parameter  , such  as  the  wavenumber,  increases. 
Unfortunately,  the  accuracy  of  these  solutions  is  difficult  to  determine  at 
finite  frequencies.  A  previous  attempt  at  achieving  an  accuracy  test  was 
based  on  relating  the  spectral  components  of  the  approximate  H-field  to  the 
spectral  components  of  the  E-field  [9].  This  test,  however,  was  strongly 
dependent  on  the  source  region  accuracy  of  the  proposed  solution  and  was  global 
in  nature.  That  is,  the  "E-field  Accuracy  Test"  described  in  [9]  had  no  point- 
test  character,  hut  tested  the  total  solution.  This  paper  proposes  an 
alternative  test,  the  "Integral  E-Field  Accuracy  Test"  based  on  satisfaction 
of  the  E-field  boundaim^  condition  on  the  cylinder  surface.  This  test  mav  be 
formulated  from  either  Green’s  Identities  or  Generalized  Lorentz  Reciprocity 
and  displays  a  mixed  global/local  character.  For  some  cases,  the  source 
region  of  a  proposed  solution  can  be  essentially  excluded  from  contributing 


to  the  accuracy  test,  yielding  a  vei"-’  strong  local  or  point-test  character. 

Under  these  circumstances  the  "Integral  E-Field  Accuracy  Test"  also  lends 
itself  to  formulation  as  an  Iterative  equation,  allowing  ?oint-by-polnt 
improvement  of  a  proposed  solution.  This  paper  will  first  review  the  proposed 
solutions  and  follow  through  with  the  formulation  of  the  "Integral  E-Field 
Accuracy  Test."  Results  of  applying  the  accuracr^  test  to  the  proposed  solutions 
as  well  as  a  discussion  of  these  results  will  be  presented. 

Proposed  Solutions 

Figure  la  presents  the  geometry  of  the  problem.  An  infinitely  long, 
perfectly  conducting,  circular  cylinder  of  radius  R  is  located  with  the 
cylinder  axis  coinciding  with  the  z-axis  of  a  standard  o,  c,  z  cylindrical 
coordinate  system.  An  infinitesimal,  phi-directed,  magnetic  dipole  is  located 
on  the  cylinder  surface  at  Q'  given  by  the  coordinates  o  "  R,  0  =0,  z  »  0. 

The  H-field  on  the  cylinder  surface  is  observed  at  a  point  Q  located  at  c  "  R, 
i  ■  z  ■  Zj.  The  proposed  solutions  are  ray- type  solutions,  and  the 
surface  fields  are  dependent  on  the  geodesic  path  between  Q  and  Q'  defined  by 
the  surface  path  length,  s,  and  ray  angle,  3,  measured  from  the  f-axis  to  the 
surface  ray. 

The  cylinder  is  a  developable  surface  and  a  geodesic  path  on  the  cylinder 
surface  becomes  a  straight  line  on  the  infinite  strip  that  makes  up  a  developed 
cylinder.  Figure  lb  shows  the  developed  cylinder  and  introduces  the  local  n' ,  b' , 
t'and  n,  S,  t  coordinate  systems,  where  n’ ,  n  are  the  outward  normal  to  the 
surface  •  and  t',c  are  tangent  to  the  surface  path  at  the  source  and  observation 
points,  respectively  (S'  ■  t'  n' ,  6  ■  £  x  n) .  Both  the  AS-1  and  .AS-3  solutions 
give  the  surface  field  in  terms  of  fields  parallel  to  b  and  t  as 

-  M  •  (b’bH^  +  t’ th^) 


H  (Q) 


Cl) 


where  M  is  the  magnetic  dipole  noir.ent.  In  this  paper  a  circunferentiailv 
oriented  dipole  is  treated,  i.e.  M  »  p.  For  this  case,  conventional  H 
and  H  fields  nav  be  found  frcn  H,  and  from 

p  -  D  t 


cos^0  H  +  sin^cH, 

t  D 

(2a) 

sin0cos0(H^  -  H^) 

(2b) 

Each  of  Che  proposed  solutions  gives  Che  surface  K-fields  in  terms  of  a 
combination  of  "Fock  functions,"  u  (^) ,  v('),  and  v, (')  and  their  deriva- 

X 

tives  u’(4),  v’(^),  and  v^'(5)  respectively.  -  is  a  normalized  distance 

k  1/3 

parameter  given  by  ^  =  ^2R  ®  where  k  is  Che  wavenumber,  is  the 

radius  of  curvature  in  the  direction  of  t  given  by  »  R/cos^Gj  and  s  is 
Che  path  length,  s  »  /(R(p)^  +  z~  .  The  radius  of  curvature  in  the  dir- 
ection  ot  b  is  also  employed  and  is  given  by  =  R/sin'^'o.  The  .\S-1 

solution  as  tested  gives  the  surface  fields  as 


Hb(Q)  -  v(C)G(s)  C3a) 

Ht(Q)  -  (|f)u(OG(s)  (3b), 

where  H.  of  (3b)  differs  from  the  given  in  [3]-[4]  by  a  factor  of  2 

(this  is  done  so  chat  as  k  the  of  (3b)  recovers  identically  the  (ks)~ 

term  of  the  known  exact  solution) .  The  AS-2  solution  is  given  bv 

H^(Q)  -  {v(5)[sin^0+  “  3sin'e)  ] 

(r~)sec^G[u(5)  -  sin^'v.  (5)  ]  }G(s)  (4a) 

rCS  1 

H^(Q)  -  -sin'3cosGv(C)  [1  ~  G(s) 


(4b) 


for  the  case  of  a  circumferentially  oriented  dipole.  The  AS-3  solution 
gives  the  surface  fields  as 


Hb(Q)  -  {(1  -  fevCO  - 

+  J(/J  kRt)"^*^[v’(0  +  (Rt/Rb)u’(0]}G(3)  (5a) 

Ht(q)  -  +  (1  -  (5b). 


2  •  ^  V  5 

In  Equations  (3)-(5) ,  G(3)  ■  k  /(2iijn)*e  /ks  ,  where  n  is  the  impedance 


of  free  space. 

As  9  goes  to  ninety  degrees  (a  ray  propagating  down  the  cylinder  axis) , 
becomes  identical  to  ^d  the  solutions  reduce  to 

H^(Q)  -  for  AS-1 

-  "  kT'^  -^~^]G(s) 


H^(Q) 


kR 


for  AS-2 


,1/2 


(6a) 

(6b) 


and  h^(Q)  -  [1  -  -  JG(s)  for  AS-3  (6c). 


Thus,  for  0  equals  ninety  degrees,  both  the  AS-2  and  AS-3  solutions  vary 

-1/2 

asymptotically  as  (ks)  ,  while  the  AS-1  solution  shows  a  free-space  like 

attenuation  of  (ks)”^.  It  will  be  seen  that  the  proposed  accuracy  test 

is  particularly  well  suited  for  evaluating  the  solutions  along  9  ■  Tr/2, 

and  thus  may  aid  in  determining  whether  asymptotic  behavior  as  (ks)  ^  or 
-1/2 

(ks)  is  more  correct. 


Formulation  of  tha  Integral  E-Field  Test 

The  Integral  E-Field  Test  may  be  formulated  using  Green's  Identities, 
Generalized  Lorentz  Reciprocity,  or  from  first  principles  using  Maxwell's 
Equations  and  Gauss'  Law.  The  defining  equation  for  the  Integral  E-Field 
Test  is  given  by; 


where  fields  and  sources  frcn  rwo  different  envircnnents ,  A  and  B,  are 
relaced  in  a  single  equation.  In  order  to  achieve  an  accuracv  test. 
Environment  A  will  denote  the  environment  of  Che  apnroxlmate  solution; 

chat  is,  an  infinitely  long,  perfectlv  conducting  circular  cvlinder 

in  free  soace.  An  infinitesimal  phi-directed  magnetic  dioole,  >r', 

radiates  in  the  presence  of  the  cylinder  (Fig  1).  Environment  B  is 

made  up  entirely  of  free  space.  A  magnetic  dipole  source  (or  sources) , 

““B 

M  ,  will  be  placed  in  Environment  B,  giving  rise  to  electric  and  mag- 
— B  *"3 

necic  fields  E  and  H  (Figure  2).  The- fields  in  Environment  A  will  be 

termed  "asymptotic  fields"  because  they  will  be  given  by  the  approximate 

asN-mptoclc  solution.  The  fields  in  Environment  3  will  be  termed  "test 

fields"  because  they  will  be  employed  to  evaluate  Che  accuracy  of  a 

proposed  solution.  The  volume  V  is  defined  as  being  enclosed  by  surface 

S,  which  is  made  uo  of  concentric  circular  cvlinders,  S  and  S  Cvlinder 

c  ». 

S,  has  radius  R  5,  where  6  is  vanlsliinglv  small,  and  S  has  infinite 

W  '  OD 

radius.  In  Environment  A,  and  will  be  placed  so  chat  their  axes 
coincide  with  Che  axis  of  the  perfectly  conducting  cylinder;  while  in 
Environment  B,  S  may  be  placed  anywhere  as  long  as  it  does  nut  intersect 
any  of  Che  sources, M  .  Since  the  sources  in  both  Environments  A  and  B 
are  of  finite  extent,  Che  fields  E^,  E®,  and  H^,  will  obey  the 

radiation  condition-  with  Che  result  that  the  surface  Integral  over 
is  zero.  Equation  7  may  Chen  be  rewritten  as 


/  /e‘^  xH^'da  -  /  /e®  '‘h’^'da  -  1 1!  (H^'M*^-  H^'M^^dV 


The  accuracy  test  is  accomplished  hv  arguing  that  the  exact  solution  to 
a  dipole  radiating  in  the  nresence  of,  but  not  on,  the  perfectlv  conducting 


cvlinder  would  satlsfv  the  boundarv  condition  that  the  tangential  electric 


field  Is  zero  ever'Aj’nere  on  Che  perfecclv  conducting  cvlinder  surface. 

Taking  5  co  be  vanlshlnglv  small,  the  surface  5,  almost  coincides  with  the 

c 

conducting  surface  so  chat  the  magnitude  cf  the  left-hand  side  of  Equation 
8  can  be  made  as  small  as  is  desired,  approaching  zero  in  the  limit  as  0 
goes  to  zero.  The  amount  that  the  right-hand  side  of  Equation  8  differs 
from  zero  will  be  termed  Che  "error",  c,  and  will  be  used  as  a  basis  for 
comparing  proposed  solutions  to  the  problem  embodied  in  Environment  A, 


e 


/  /  E®  X  H'^-da  -  Iff  -  H^*M®)dv 

Sc 
(5->0 


(9) 


If  delta-function  type  sources  are  used  for  both  Environments  A  and  3 
(and  they  are  implied  by  the  proposed  solutions  of  Environment  A),  Chen 
Che  volume  integral  of  Equation  9  reduces  to  a  sampling  oneratlon  and 
becomes 


c 


X  H^*dS  - 


(10). 


i  1  — 1 

where  che  symbol  H  (>r)  denotes  the  operation  H  (x  y  ,  in  which 

j  f  j  j 

Che  fields  of  Environment  i  are  sampled  at  the  position  of  che  sources 
in  Environment  J ,  and  che  doc  produce  is  taken  wich  che  unit  vector 
parallel  to  che  "J"  source.  Now,  if  c  is  sufficiently  small,  Eouation  10 
mav  be  cast  into  che  form  of  an  iterative  eauacion  as 


(M®) 


H®(M'S  -  /  /  E* 
Sc 


X  ?r^^°^«da 


(11) . 


Thus  che  field  ac  a  poinc  (che  location  of  source  M®)  may  be  updated  by 
modifying  Che  proposed  approximace  solution  by  che  error  term  associated 
with  chat  poinc.  Observe  that  the  exact  solution  would  satisfy  e  -  0  in 
Equation  10,  so  that  using  Equation  11  co  iterate  would  nor  change  che 


field  value  at  all 


In  review,  the  formulation  of  the  Integral  E-Field  Accuracy  Test  has 
been  accomplished  through  the  use  of  well-known  properties  of  electro¬ 
magnetic  fields.  The  resulting  equation  is  straightfon.7ard,  involves  . 
known  quantities,  and  in  general,  consists  only  of  sampling  operations 
and  numerical  integration.  In  some  cases,  the  test  may  lend  Itself  to 
point-by-polnt  improvement  of  a  proposed  solution. 

Practical  Considerations  for  the  Integral  E-Field  Accuracy  Test 

While  Equation  (9) ,  which  defines  the  test,  appears  to  lend  itself 
to  direct  evaluation,  several  practical  aspects  of  the  evaluation  must 
be  considered.  First,  an  important  step  in  formulating  Equation  9  was 
that  the  tangential  E-Fleld  vanishes  for  a  source  radiating  in  the  presence 
of  the  cylinder,  while  the  published  solutions  are  for  the  case  of  a 
dipole  radiating  on  the  cylinder  surface.  To  perform  the  test,  the 
proposed  solutions  were  extended  to  the  case  of  a  dipole  radiating  a 
distance  A  away  from  the  cylinder  by  modifying  the  path  length,  s,  used 
in  determining  the  surface  field.  The  modified  path  length  s'  used  in 
Equations  (3)-(6)  was  computed  from  s'  ■  /s  +  A",  where  s  is  the  surface 
path  length.  In  addition  to  satisfying  the  assumption  made  in  formulating 
the  test,  raising  the  dipole  allows  numerical  calculation  of  the  integral 
in  Equation  9,  since  the  fields  have  a  finite  peak  and  are  not  singular 
(source  region  fields  are  singular  for  a  dipole  located  ^  the  surface) . 

Location  of  the  test  dipole(s)  with  respect  to  the  surface  coin*-'dl- 

3 

with  the  perfectly  conducting  cylinder  (this  surface  will  be  denoted  S^) 
greatly  influences  the  test  results.  A  test  dipole  placed  so  that  it  sam¬ 
pled  the  surface  magnetic  field  of  the  approximate  solution  would  seem  to 
lend  a  local  character  to  the  test.  However,  a  test  dipole  so  located 

3 

would  introduce  singular  E  fields,  making  numerical  integration  more  dif¬ 
ficult.  Accordingly,  the  test  dipole  is,  in  general, located  a  A  distance 


iwav  t'roia  the  surlsce  corresipondinji  to  the  cvlinder  surtace.  Tl»e  E 

fields  on  the  surface  of  intesr^tion  are  calcualted  exactly,  but  the 

\  B  X  B 

H"  field  at  M  is  approximated  by  the  H*  field  at  the  point  on  clos¬ 
est  to  the  location  of  In  other  words,  if  the  sampling  operation 

required  finding  H^(R  l,  this  would  be  approximated  by 

Z^) .  TlAe  error  introduced  bv  this  apnroximation  was  checked 
bv  applying  the  test  to  a  problem  with  a  known  solution,  that  of  a 
magnetic  dipole  radiating  over  an  inrinlte  ground  plane.  Eor 
equal  to  one  sixteenth  of  a  wavelength,  Che  error  introduced  bv  this 
assumtion  was  negligible  compared  to  c's  computed  in  Che  cvlinder  test. 
Observe  that  Che  user  has  complete  freedom  to  place  one  or 

several  test  dipoles  in  Environment  B.  For  example,  two  test  dipoles 

could  be  used,  located  at  iH  A,  ^"d  (R  +  A,  ' 

This  would  have  the  effect  of  creating  a  plane  of  zero  E  fields  that 

coincide  with  Che  H  source  region.  Evaluation  of  the  Integral  of 

Equation  10  shows  chat  this  would  decrease  the  contribution  of  Che 
A  B 

source  region  H.,  fields  (due  to  zero  E  )  and  emphasize  the  source  region 

ft*  V 

HT^  field.  As  this  illustrates,  use  of  multiple-dipole  test  config- 
urations  generally  involves  a  trade-off  of  some  kind,  so  chat  the  simple 

3 

single  test  dipole  located  A  awav  from  has  been  chosen  as  the  "stan¬ 
dard"  test. 


Results  of  the  Integral  E-Fleld  Test 


Results  presented  in  this  section  are  for  a  case  with  g 


and  A  ■  \/16,  and  \  is  the  wavelength.  Fields  were  sampled  through  the 
full  2tt  radians  and  from  -2.0\  <  Z  •-  Z  +  2.0\,  where  the  test  dipole 
was  located  at  (R  +  A,  numerical  integration  was 


performed  in  the  one  square  wavelength  region  immediatelv  surrounding 


both  the  "test"  and  "source"  dipoles  with  samling  races  of  noints'" 
in  the  z-directlon  and  78  points/'*,  in  the  p-direccicn.  "utserical  int¬ 
egration  over  the  rest  of  Che  surface  was  acccnolished  with  a  sansling 
race  of  32  points/X  in  the  z-direccion  and  i3  poincs/X  in  the  f-dir- 
eccion.  For  cases  presented  here,  a  single,  phl-dlrected  test  dinole 
located  X/16  away  from  was  used.  For  tests  along  0  ■  ”■12,  along 
the  cylinder  axis,  a  two-cest-dipole  configuration  was  also  used  with 
phi-directed  test  dipoles  located  at  (11  1,  0,  Z_-_)  and  -  1,  C,  . 

•  b  •  iO  i. 

The  test  equation  under  these  conditions  becomes 

e  -  f  -  EM)da  -  (12) 

Figure  3  shows  the  fields  along  Che  cylinder  axis  O  ■  90®)  as  predicted 
by  each  of  the  three  published  solutions.  Shown  are  the  magnitudes  of  the 
zeroth-order  H  fields,  unchanged  except  for  Che  extension  of  raising  Che 
source  dipole  .\/16  above  the  surface.  Zero  d3  reference  for  all  Che  slots 
is  the  magnitude  of  the  AS-2  solution  at  z  ■  0.5X  along  0  ■  90®.  ’=‘igure 
4  presents  the  "error",  e  associated  with  each  of  the  solutions,  while 
the  results  of  applying  Equation  11  are  shown  in  the  iterated  magnitudes 
of  Figure  5. 

Figure  6  presents  the  errors  when  the  two-cest-dipole  configuration 
was  used,  while  Figure  7  shows  Che  iterated  magnitudes  resulting  from 
a  dual  dipole  test.  Figures  8,  9,  and  10  present  Che  same  information 
(zeroth-order  field  magnitude,  error,  and  iterated  magnitudes)  for  a 
path  along  0  ■  0*. 

Discussion  of  Fesults 

In  figure  4,  the  error  associated  with  the  AS-3  solution  is  less 


ch«  *rror  «*scci4C«d  vith  aither  the  .\S-1  or  AS-2  solutions  tor  Z  ■»  ’  . 

rsT 

Th«  Itaratad  field  aegnitudes  of  Figures  5  and  '  sho^^  auch  less  dispersion 
than  the  laroth-crder  aagnltudes  of  Figure  3.  The  iterated  aaanltudes  are 
closest  to  the  zeroth-order  .\S-3  solution.  Several  factors  combine  to 
Increase  confidence  in  the  test  results  along  0-90*.  First,  the  magnit¬ 
ude  of  the  error  term  is  relatively  small  with  resoect  to  the  magnitude 
of  H  (a  ) ,  so  that  the  criterion  for  successful  Iteration  Is  close  to 
being  met.  Secondlv,  for  both  single  and  dual  dinole  tests,  the  asym7>totlc 
source-region  field  contributes  ver>’  little  to  the  integral  that  makes  up 
the  error  term.  For  the  single  dipole,  this  is  easily  seen  from  the  fact 
that  for  Z.-27  along  ?  ■  90*,  the  E®  field  evaluated  at  (R,0,0)  will 

be  primarily  o-dlrected  with  a  verv  small  E,  or  E  component.  At  the  same 

9 

time,  the  test  field  directly  underneath  the  test  dipole  will  have  a 
very  large  E^  component,  emphasizing  the  local  field.  For  two  dipoles 
located  at  (R  t  1,  0,  ,  the  plane  of  zero  tangential  electric  fields 

is  tangent  to  the  cylinder  at  i  ■  0,  reducing  the  as\'mntotic  source  region 
contribution.  Local  H  field  emphasis  does  not  occur  with  the  two  dipole 
test,  however,  since  the  plane  of  zero  tangential  E-fields  extends  through 
2  -  2^^.  Thus,  for  2^^^  >>  d  along  0  ■  90*  the  Integral  E-*‘leld  Test 
should  have  a  very  strong  local  character  and  be  almost  unaffected  by  the 
source-region  accuracy  of  the  proposed  solution. 

-1/2 

For  large  2^^  the  (ks)  behavior  becomes  dominant  in  the  AS-Z 

and  AS-3  solutions.  The  .\S-3  solution  shows  the  least  error  for  this 

range.  The  iterated  values  are  closest  to  the  zeroth-order  AS-3 

solution,  and  deviate  most  from  the  zeroth-order  AS-1  solution.  Because 

the  iterative  equation  is  convergent,  and  because  source-region  errors 

contribute  very  little  to  the  error  term  or  iterative  process  for  this 

case,  the  authors  feel  that  this  is  a  strong  indication  that  as^'mptotic 
-1/2  -1 

behavior  as  (ks)  is  more  correct  than  (ks)  attenuation  along  0  ■  'JO*. 


Single  dipole  tests  along  angles  ether  than  ?  •  90°  will  introduce 
an  asyiaptotic  source  region  contribution  to  the  integral  of  Equation  10, 
with  the  amount  of  contribution  dependent  on  the  path  length  and  G— angle. 
The  local  E-fields  in  the  vicinitv  of  the  test  dipole  remain  large,  so 
that  it  is  expected  that  the  test  will  display  a  mixed  local/global  cha¬ 
racter.  The  results  of  Figures  8,  9,  and  10  reflect  this,  for  while  the 
zeroth-order  magnitudes  are  relatively  close,  there  is  a  large  variance 
in  the  associated  eerors.  If  the  test  were  trulv  local,  the  associated 
errors  should  also  be  relatively  close.  Examination  of  Figures  8  and  10 
reveals  that  along  9  ■  0*  the  iterative  equation  is  divergent  instead  of 
convergent.  Close  examination  of  the  results  of  the  integral  of  Equation 
10  reveal  that  the  contribution  from  the  vicinity  of  the  asymptotic  source 
dominated  the  contribution  from  the  rest  of  the  surface,  including  the 
region  around  the  test  dipole.  The  integral  of  Equation  10,  in  cum,  is 
the  highest  contributor  to  the  error,  e.  Thus,  for  0-0°,  the  Integral 
E-Field  Test  retains  local  character  only  in  the  sanroling  operation.  The 


large  source-region  contribution  drives  the  error  term  up  so  that  its 
magnitude  is  not  small  coiapared  to  (M^)  and  the  iterative  equation 


diverges . 


may  be  tempted  to  employ  two  dipoles  located  at  >  RcosOj., 


y^^^  ■  Rsin(S^,  Z^)  and  at  (x^“^  -  “  y^.\  to  obtain  asym¬ 

ptotic  source-  region  cancellation.  This  introduces  the  problem  of  determ¬ 
ining  the  scattered  field  at  the  location  of  the  second  dioole.  Unfortun¬ 
ately,  if  surface  equivalent  currents  are  used  to  find  the  scattered  field 


at  Che  test  dipole,  then  .it  can  be  shovm  Chat  Che  test  is  identical  to  a 


single  dipole  test.  That  is,  Che  use  of  surface  equivalent  currents  to 
A  B 

find  H  (M  )  always  leads  to  the  result  that  c  ”  0*  for  anv  oronosed  solut- 


(Observe  for  - 


^  B 

ion  when  r  Is  entirely  located  external  to  S  , 


Q0» , 


the  second  dipole  lies  outside  of  v,  and  this  problem  is  not  encountered). 
L’se  of  other  approximations  to  find  the  "scattered  field"  external  to  the 
cylinder  would  introduce  an  unknown  error,  so  use  of  remotelv  located  di¬ 
poles  was  abandoned  for  angles  other  than  0  ■  90®. 


Thus,  Che  "Integral  E-Field  Test"  displays,  in  general,  a  mixed 
local/global  character  which  changes  according  to  the  location  of  the  test 
dipole.  For  3  ■  90®  the  test  has  almost  entirely  a  local  character,  with 
very  little  contribution  from  the  asymptotic  source  region.  Under  these 
conditions,  the  error  term  is  relatively  small  compared  to  )  and 

the  iterative  equation  converges.  For  angles  ocher  chan  ■  90®  the 
asymptotic  source-region  begins  to  contribute  to  the  integral  result¬ 
ing  in  a  mixed  local/global  nature.  At  the  same  time,  errors  in  the 
source  region  tend  to  increase  the  magnitude  of  the  error  term,  so 
that  it  is  no  longer  small  compared  to  .  In  this  case,  the 

iterative  equation  shows  less  of  a  tendency  to  converge  and  may  diverge. 


Summary 

Generalized  Lorentz  Reciprocity  has  been  employed  to  formulate 
an  accuracy  test  chat  may  be  used  to  check  any  proposed  solution.  The 
test  is  straightforward  in  application  and  general  in  nature,  that  is, 

not  limited  to  testing  only  cylindrical  geometries.  The  test  is  quantitative 
in  nature,  and  requires  only  numerical  integration  for  imnlementacion. 

The  Integral  E-Field  Test  has  local  character  in  chat  the  error  comouted 
is  associated  with  a  single  point,  although  the  entire  solution  contributes 
CO  Che  computation  of  the  error  term.  In  cases  where  the  error  is  small 
conmpared  to  the  value  of  the  proposed  solution,  the  test  lends  itself  to 
use  as  an  iterative  equation. 


Vhen  the  test  is  apslieu  Zo  the  problem  of  magnetic  dipole  radiation 
in  the  presence  of  an  infinite  conducting  cylinder,  it  was  found  that 

tests  along  the  cylinder  axis  lend  theaselves  to  iteration.  Along  the  axis  . 

_  1  /  2  - 1 

solutions  chat  vary  as  (ks)  test  better  than  solutions  that  vair.’  as  (ks) 

for  large  path  lengths.  Tests  at  points  ocher  chan  on  Che  axis  generate 

error  ceras  chat  are  large  with  respect  to  the  approxisate  field  value,  so 

that  the  iterative  equation  is  not  convergent.  The  source  regions  of  each 

of  the  proposed  solutions  were  found  to  contribute  signif icantlv  to  the 

large  error  ceras  for  tests  of  points  off  the  cylinder  axis. 


I 


References 


L.  L.  Bailin,  "The  Radiation  Field  Produced  by  a  Slot  in  a  Large 
Circular  Cylinder,"  IRE  Trans.  ,  vol.  .VP-3,  no  3,  pp.  123-237, 

July,  1955’. 

R.  F.  Harrington,  Tiae-Haraonic  Electronagnetic  Fields.  New  York: 
McGraw-Hill  Book  Company,  1961. 

Y.  Hwang  and  R.  G.  Kouyouajian,  "The  mutual  coupling  between 
slots  on  an  arbitrary  convex  cylinder,"  ElectroScience  Laboratory, 
Department  of  Electrical  Engineering,  The  Ohio  State  University, 
Semi-Annual  Report  2902-21,  prepared  under  Grant  NGL  36-003-138, 

1975. 

P.  H.  Pathak,  "Analysis  of  a  conformal  receiving  array  of  slots 
in  a  perfectly-conducting  circular  cylinder  by  the  geometrical 
theory  of  diffraction,"  ElectroScience  Laboratory,  Department  of 
Electrical  Engineering,  The  Ohio  State  University,  Technical  Report 
ESL  3735-2,  prepared  under  Contract  N001i0-74-C-6017,  1975. 

Z.  W.  Chang,  L.  B.  Felsen,  A.  Hessel  and  J.  Shmoys,  "Surface  ray 
method  in  the  analysis  of  conformal  arrays,"  Digest  of  1976  AP-S 
International  Svaposiua,  held  at  the  University  of  Massachusetts 
at  Amherst,  October  1976,  pp.  366-369. 

Z.  y.  Chang,  L.  3,  Felsen,  and  A.  Hessel,  "Surface  ray  methods 
for  mutual  coupling  in  conformal  arrays  on  cylinder  and  conical 
surface,"  Polytechnic  Institute  of  New  York,  Final  Report  (Sept¬ 
ember  1975-February  1976),  prepared  under  Contract  N00123-76-C-0236, 

1976. 


S.  y.  Lee  and  S.  Safavi-Naini,  "Asymptotic  Solution  of  Surface 
Field  due  to  a  Magnetic  Dipole  on  a  Cylinder,"  Electromagnetics 
Laboratory,  Department  of  Electrical  Engineering,  University  of 
Illinois  at  Urbana-Chaapaign,  Technical  Report  No.  76-11,  sup¬ 
ported  by  Contract  N00019-76-M-0622,  1976. 

S.  y.  Lee  and  S.  Safavi-Naini,  "Approximate  Asymptotic  Solution 
of  Surface  Field  due  to  a  Magnetic  Dipole  on  a  Cylinder,"  Trans¬ 
actions  on  Antennas  and  Propagation,  voL.  26,  no.  4,  July,  1973, 
pp.  593-598. 

R.  Mittra  and  M.  Tew,  "Accuracy  Test  for  High-Frequency  Asynaptotic 
Solutions,"  Transactions  on  Antennas  and  Propagation,  vol.  27,  no.  1, 
January,  1979,  pp.  62-68. 


THETA  -  00.  test  DIPOLES 


Figure  4  Results  of  Integral  E-Fleld  Test  along  0  ‘  91)*:  Single 
test  dipole. 
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Abstraci-\n  Ihii  paper.  pitjenl  a  cumprehenaive  review  of  the 
Fourier  transform  technique  as  applied  to  the  problem  of  hi^-fre- 
quency  scattering  and  introduce  the  concepts  of  the  spectral  theory  of 
diffraction  (STD).  In  contrast  to  die  more  commonly  employed  ray- 
optical  method  fur  high-frequency  scattering,  viz.  the  geometrical 
theory  of  diffraction  (CTD).  the  STD  approach  interprets  the  scattered 
Held  as  the  spectrum,  or  t.he  Fourier  transform  of  the  induced  current 
on  the  scatterer.  Such  an  interpretation  offers  several  important 
advantages:  uniform  nature  of  representation,  capacity  to  improve  and 
extend  the  ray -optical  formulas  in  a  systematic  manner,  and  convenient 
accuracy  tests  for  the  results.  Methods  for  combinutg  integral  equation 
methods  with  die  Galerkm  procedure  and  asymptotic  techniques  in  the 
transform  domain  are  described,  and  representative  examples  illustrat¬ 
ing  the  application  of  the  spectral  approach  are  included. 
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I  iNtROlH’l'llON 

Sl’Ll'rRM  Jomiin  aiulysii,  which  nukes  use  ol  ihe 
I'ouner  iransforin  lechniijue.  has  a  long  history  ‘’f  ai'pli- 
cation  m  physics,  applied  mathematics,  anJ  enjineeiinj 
An  important  attribute  of  the  inethoti  is  its  ability  to  ttans- 
fotm  paitial  and  oidutaiy  diffeienlial  equations  into  algebraic 
equations  which  ate  often  easier  to  solve  in  the  liansform 
domain  Since  the  available  lefeiences  on  this  subject  are  too 
numeious  to  be  listed  heie.  we  mention  only  four  standaid 
texts  1II-(4|  for  Ihe  readers  mterested  in  leuewini;  rhe 
general  conc'epis  of  the  transform  technique  In  elevlromag 
netics,  Ihe  Kourier  Iranslortn  technique  has  played  a  rather 
important  role  in  solving  many  canonical  problems,  e  g  ,  the 
half-plane  and  scmi-infinite  waveguide. 

I'he  conventional  application  |51-11^1  of  Ihe  transform 
technique  is  rather  limned,  since  it  can  only  be  used  to  con- 
struct  solutions  for  a  class  of  boundary  value  problems  asso¬ 
ciated  with  specialised  geometries  However,  a  number  of 
extensions  of  the  method  to  a  modified  veision  of  these 
geometries  have  been  published  1101.(111  1  hese  extensions, 

which  often  make  use  ol  function-theoietic  methods,  enable 
one  to  derive  approximate  analy  tical  solutions  to  a  wider  class 
of  problems  than  had  been  possible  using  the  transtorm 
method  alone. 

Recently,  the  digital  computer  has  opened  up  new  vistas  to 
researchers  in  electromagnetics  and  other  disciplines,  and  has 
enabled  them  to  attack  a  much  wider  class  of  problems  than 
has  been  possible  prior  to  the  availability  of  high  speed  com¬ 
puters.  In  e.mploying  the  computer  as  a  problem-voJuiig  tool. 
It  IS  often  tempting  to  let  the  computer  do  '‘all  the  work  "  In 
this  event,  one  employs  little  or  no  analytical  preparation  pnor 
to  proceeding  with  the  numerical  steps  on  the  computer. 
However,  experience  shows  that  the  computer  offers  no 
panacea,  at  least  when  it  is  used  m  Ihe  manner  indicated 
abuse.  Ihis  is  because  for  many  practical  problems,  tb.e  te- 
quicements  on  storage,  computational  lime,  and  ci'st  c-.~  be 
prohibitixely  large  if  one  uses  a  purely  numerical  approach. 
These  limitations  become  particularly  seveie  in  the  resonance 
region  and  above,  where  the  geometrical  dimensions  ol  the 
object  ate  on  the  order  of  two  to  three  wavelengths  or  moie. 
Below  this  region,  the  integral-equation  formulation  ccvinbined 
with  matiix  methods  (131.  1141  is  well-suited  foi  denvmg 
numerically  rigorous  solutions  to  radiation  and  scattering 
problems  involving  obiects  of  arbittary  shape. 

l  or  frequencies  above  the  resonance  region,  the  transform 
technique  has  been  found  useful  for  deriving  efficient 
numerical  solutions  to  ladialion  and  scattering  problems  by 
combining  integral-equation  formulation  with  asymptotic 
techniques  m  the  transtorm  domain  The  eaily  application  ol 
Ihe  specttal  technique  had  demonstrated  its  usefulness  for  a 
class  of  geometries  involving  open  waveguides  and  scattering 
problems  (l.'I-l^ll  Recent  studies  hive  shown  that  rhe 
scope  of  application  can  he  considetably  enlarged  while 
simultaneously  improvmg  the  cfticiency  of  compulation  by 
incorporating  the  existing  high  frequency  asymptotic  sv'lutions 
into  the  solution  procedute  Consequently,  this  paper  locuses 
mainly  on  this  combmilic'n  prv'cedure  which  appears  icv  viffer 
the  greatest  potential  fcvr  xysiemaiic  and  accurate  xs'lutions 
to  radiation  and  scatieting  problems  in  the  resonance  region 
and  above. 

Turning  noxv  to  a  brief  rexiew  of  the  asymplivtic  techniques, 
perhaps  Ihe  most  significant  woiks  on  the  siibjecl  are  the  two 


pioneeung  papers  by  kellet  ( 'J|,  1^31  whnh  inlioduced  the 
concepts  ot  the  geometiual  theoiy  of  dilliaction  uiTOl  by 
augmenting  the  classical  geometiical  optics  HiO)  field  espies 
sions  with  the  ejge-diflracied  fields  tiom  sliaip  corners 
kellei's  iilO  and  some  ol  ils  esiensionv  'nave  been  dewabed 
in  a  luimbet  of  review  papeis  and  book  chapters 
an  exhaustive  set  of  useful  leferens'cv  can  be  found  in  (.;,X| 
\lihough  in  the  last  lifteen  yeais  keller'v  liliy  has  played  a 
very  signiticanl  and  unique  lole  in  solving  high  fiequenv) 
scalteiing  pioblems,  its  original  form  is  known  to  break  down 
at  shadow  Kiundaties,'  telTeclivin  boiin Janes,  and  caustus 
Two  unrfotm  theories  have  recently  Ivee.n  developed  (.14)- 
1 .' 1 1  for  citcumventiiig  the  Jitlicultiev  avs.  c.aled  with  kellet'v 
Lj  I  H  m  the  neighbv'thooj  ol  shadow  boundaries  I'acti  one 
of  these  theories  is  based  on  its  own  -knsati  and  yields  dif¬ 
ferent  forms  lot  Ihe  expressions  ot  the  field  in  the  transition 
region  between  the  hi  and  shadow  rones  -\nothet  totally 
different  approach  is  based  on  a  modilica'.ion  of  physical 
optics  (I'O),  called  the  physical  thes'ry  of  Jirfiaciiori  |f’Tl'>) 
deseUvped  by  I'fimisev  and  s'lhers  [.'21,  (.'.'1  \  comparatise 

study  of  the  saiious  asymptotic  techniques  [34].  (351  can  be 
useful  for  evaluating  the  diffetenr  raethosks  for  compuritig  the 
edge-dilfracled  fields  in  the  transition  reg-ons 

All  of  the  alorementioned  asymptotic  lechtiiqurs  based  v'li 
C.IH.  be  they  unit,  im  ot  nonur.ilonr.,  have  two  mipotlaiit 
and  fundamental  limitatis'ns. 

a)  It  IS  dilficull  to  estimate  the  accuracy  oi  the  solution, 

bf  there  is  no  systematic  procedute  available  for  iniptc'vmg 
the  solution.  Ihe  addition  ol  highei  order  multiply -diffracted 
terms  in  the  asymptotic  senes  can  and  often  ds'vs  lead  to  a 
divergent  result  In  contrast,  the  spectral  approach  to  scatter¬ 
ing.  which  was  introduced  tn  the  literature  (abl  under  ths* 
name  of  spectral  theory  of  diffraction  (STP'.  not  only  pro¬ 
vides  a  built-m  test  lot  the  satisfaction  of  the  boundaiy  condi¬ 
tion.  but  IS  convenient  for  improving  the  klTlI  or  other  as¬ 
ymptotic  solutions  via  l^aletkin  or  iterative  procedures  also 
(.’M-(42[ 

The  principal  motivation  of  this  paper  is  to  present  a  com¬ 
prehensive  review  of  the  spectral  apprcvach  for  solving  electro¬ 
magnetic  scattering  and  diffraction  problems  In  cvuittast  ts> 
that  in  the  ray  approach  I't  liTP,  which  is  essentially  geo- 
molnc  in  nature,  the  scattered-field  reptesenlalion  in  the 
spectral  approach  is  in  terms  of  the  Four.et  transioini  of  the 
induced  surface  current  on  the  scatlerer  Although  the  basic 
foundations  of  O  TT>  and  STT>  are  dilfercnt.  the  iTT  (>  solution, 
where  valid,  is  indeed  identifiable  as  the  result  obtained  from 
an  asymptotic  evaluation  of  the  transform-domain  teptesenra- 
tiv'n  of  the  scattered  tield  In  addilicm,  the  integral  reptesenta- 
tion  provides  uniform  solution  requiting  no  j  poircrti'n 
cv'rtection  (3t>l.  This  topic  is  discussed  m  Section  HI. 

The  important  subject  of  systematic  improvement  of  high- 
frequency  asymptotic  solutions  via  a  combination  of  lIl'P 
merhods  and  integral-equation  formulation  isdescnbed  in  Sec 
tivvn  IV',  and  some  unique  numerical  advantages  that  accrue 
from  the  use  of  this  procedute  are  also  demonstiaied.  Finally . 
a  lew  concluvling  remaiks  on  the  spectral  approach  ate  given  m 
Section'  V.  Possible  extensions  of  this  approach  to  a  number 
of  other  important  problems  of  ptactical  inletcst  ate  also 
mentioned  in  this  section. 

'  Foe  lh«  .tcnnitlon  of  vaiiouv  terms  such  as  5lij.ti'w  h.'unjanes  and 

ri'.fit'nf,  |  2!l|. 
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(b) 


Ji<.  1.  (3)  Oiffrjction  of  i  pljn«  w»v*  b>  j  hjlf  pljiir,  0  <  JJ  •.  n  jnJ 
-»  <  O  <  ib)  Integration  path  f  for  integnJ  reprraentation  (It). 

II  Formalism  for  Transform  Approach 
TO  Hic.h-Frfqiency  SoLurioN-STD 
In  this  section  we  introJuce  the  basic  concepts  of  the  STD 
vu  the  ha’.f-p'.ioe  problem  Since  the  canonical  geometry  of 
the  halt-plane  is  one  of  the  cornerstones  of  the  larions  non- 
uniform  and  uniform  theories  of  high-frequency  diffraction, 
we  also  choose  this  geometry  to  lay  the  foundations  of  STD. 

The  geometry  of  a  peifectly  conducting  half-plane  located  at 
.V  =  0.  X  <  0  and  illuminated  by  a  plane  wave  is  shown  in 
Fig  1(a)  TheCartesiancoordinatesfx.y,  :)and  the  cylindrical 
coordinates  (p,  0,  r)  are  erected  at  the  edge  of  the  half-plane. 
•Angles  are  defined  positivels  counterclockwise  with  the  range 
(t.  nl  We  let  the  direction  of  propagation  of  the  incident 
plane  wave  be  normal  to  the  edge,  i.e  ,  i'  ■:  =  0.  This  assump¬ 
tion  changes  the  vector  nature  of  the  three-dimensional  prob¬ 
lem  to  a  two-dimensional  scalar  problem.  Furthermore,  the 
problem  may  be  classified  according  to  the  cases  of  f-wave 
(nonzero  field  components  f.,  //,,  //y),  or  //-wave  (nonzero 
field  components  h'..  £,.  Sy)  by  simply  letting  the  incident 
£ -field  or  //-lield  be  directed  alternatively  along  the  z-axis. 
Unless  otherwise  specified,  the  cases  of  f-  and  //-waves  are 
treated  simultaneously,  with  the  help  of  two  symbols  ii  and 
r  such  that 

for  f-waves  .  r  =  -l  (la) 

for //-waves  u  = //,.  r  = -r  I .  (lb) 

The  total  field  u'  may  be  split  into  the  incident  field  u'  and 
the  scattered  field  u’  to  give 

u'  =  u‘-i-u*.  Cl) 

For  a  perfect  electric  conductor  the  total  field  u'  is  subject  to 
the  boundary  condition  ;i'  =  0  or  du'/dy  =  0  for  £-wave  or 
//-wave  cases,  respectively,  on  the  half-plane.  If  one  defines 
the  induced  electric  current  on  the  half-plane  as 


3«'  » 

for  f-wave 

oy  0* 

(3a) 

\o' 

for  //-wave. 

(3b) 

and  uses  the  time  convention  expf-iu-’orl.  one  can  readdy 
arrive  at  the  following  equations  from  Maxwell’s  equation  1  7) 

|i:i 


for  £‘-wave  u’  -  £'/  •  luigp 


,(A.  |p  a'x|)  Ux' 


a 

for//-wave  u’ =  H!  =  —  j  J,{.x  )go^‘:\p  x'x|)d.v’ 


where  k  »  uJoVa**.  P  und  t  ure  the  permeability  and  permit¬ 
tivity  of  the  medium,  respectively,  and  gaikp)  »  i//i(kp),'q 
(Ho  IS  the  Hankel  function  of  first  kind  and  zeroth  order). 
The  objective  is  to  determine  J  and  u‘  for  the  half-plant  illu¬ 
minated  by  an  incident  plane  wave.  This  is  done  by  using  the 
transform  technique  and  employ  ing  the  results  given  in  (4.)|, 

A  Speciral  Diffracuon  Con’Jicifnt  jr.J  Tolal  FielJ 
Let  us  define  the  Fourier  transform  pair  as 


(.v)  exp  (nxv)  Jx  =  Flu(.x)) 


1  ,-—1.1 

^  s-  I  ^-'<-<4)  exp  (-iQ-x)  do  =  F'‘  lD'(a)l 


where  A  is  a  small  positive  number  The  incident  plane  wave 
can  be  w  ntten  as 

u'  =  exp  (ik  ■  p)  *  exp  (:(\,.r  -F  *,,.>■))  =  exp  (ikp  cos  (T2  -  0)1 


where  k,  =  k  cos  H,  ky  =  k  sin  H,  and  0  n  <  rr  is  the  inci¬ 
dent  angle  shown  in  Fig  1(a).  Transforming  (4)  into  the 
spectral  (Fourier)  domain  and  applying  the  Wiener-Flopf  con¬ 
struction  ( 10) .  one  anives  at  the  following: 

for£-wave:  F|y.  ]  =  (ivOgp)'’ .V(<:,,  q)  (7a) 

for//-wave:  F)/^  1  = -y"' .V(k, ,  a)  (7b) 


where  .'"(.t,, a)  is 


.V(*,,a)=  ; 


Tk^  \'k  -F  ra 


and  ■)  =  k^  such  that  Hey  >  0,  and  a  =  -  k  cos  ip.  In 

this  work,  unless  otherwise  stated,  and  (-l'^’  are  defined 
with  their  proper  branch  cut  slightly  below  the  negative  real 
axis.  Using  the  transformed  version  of  (4)  and  then  incor¬ 
porating  (7),  one  finally  obtains 

C-.I  ' 

Ugn  (V)  2y  I //-wave 


Furthermore,  one  may  notice  that  the  following  equation  has 
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been  used  m  the  construction  of  (9) 


HUo(*P)l 


exp  (-tI^I) 

n 


(10) 


Introducing  the  change  of  variables  -t  =  p  cos  <t>.y  =  p  sin 
kf  k  cos  S2,  ky  «  k  sin  H,  a  =  -  t  cos  y/,  and  ")  =  -  tk  nn 
into  (9)  and  substituting  the  result  into  (5b),  one  finally 
arrives  at 


4r 


1 

sgn  (0) 


X 


XlH.  ■^)  exp  (lip  cos  t  v  -  l<>l))d  v 


It  IS  worthwhile  to  mention  that  ,  as  defined  in  the  follow¬ 
ing  equation,  is  bounded  at  the  shadow  boundaries 

xAn,  ;')  =  x(f2.  s^)-  x''°'n-,y).  <n) 

X-^in.  yil  could  be  called  the  fringe  diffraction  coefficient.’ 

For  the  problem  at  hand,  i.e.,  mcident  plane  wave,  the 
spectral  integral  (11)  can  be  expressed  exactly  in  terms  of  the 
Fresnel  integral,  viz. 

u‘  =  -expf.'ip  costn  -  <>))F(-ii) 

+  r  exp  (lip  CCS  ifl  +  0))FiJ,)  tl8l 


for 


f-wave 

//-wave 


(11) 


Ill  the  preceding  equation  is  the  complex  angle  defined  on 
the  path  P,  shown  m  Fig.  1(b),  and  xiCl,  (!/)  is 


X(n,  C*)  =  -V)*:  cos  n,-k  cos  Ci)  =  ■■ii)  +  rx,(n,  ■^)  ( 1  2) 


where 


n  *  (1/ 

X,tn.  IP)  =  ■►  CSC — — .  (13) 

r  2 

We  may  notice  that  Xi(')  -ttid  XA')  It^'e  the  same  functional 
form,  i.e  ,  esc  (•).  This  definition  of  x,  und  Xr  'S  closely  related 
to  the  definition  used  by  Deschamps  in  (24) .  Clearly  Xi  Xr 
are  infinite  at  ^  =  H  and  =  -Q,  respectively.  These  two 
values  of  correspond  to  the  incident  and  reflection  shadow 
boundaries  appearing  in  the  classical  GTD  expressions  which 
are  obviously  “nonuniform"  as  a  function  of  the  observation 
angle.  .As  a  matter  of  fact,  X(f2.  sl')  is  precisely  the  angular 
part  of  Keller's  diffraction  coefficient,  when  0  is  replaced  by 
the  observation  angle  0.  .Although  x  tends  to  infinity  at  the 
shadow  boundaries,  it  does  not  mean  that  the  field  itself  is 
also  infinite  as  Keller’s  GTD  predicts.  Instead,  the  correct 
value  of  the  field  is  obtained  from  (11),  which  is  always 
bounded.  To  distinguish  it  from  Keller’s  coefficient,  which  is 
associated  with  the  diffracted  field,  we  wUl  refer  to  \(n,  y)  as 
the  spectral  diffraction  coefficient  for  the  half-plane.  This 
terminology  is  chosen  since  x(^^.  y)  is  associated  with  the 
spectrum,  or  equivalently,  the  Fourier  transform,  of  the  in¬ 
duced  current  and  appears  only  inside  the  kernel  of  the  plane- 
wave  spectrum  representation  for  the  field  and  not  directly 
in  the  form  of  a  factor  multiplying  the  incident  field  as  in  the 
case  of  Keller’s  representation. 

We  may  further  use  (4)  and  (7)  and  introduce  the  spectral 
coefficient  of  the  physical  optics  field  as  the  Fourier 
transform  of  the  physical  optics  induced  current  to  anive  at 


for  f-wave; 

.VP‘’(k„a)= 

(1 4a) 

a  + 

for  //-wave: 

BO  2iV®’  ■ 

a  +  fc- 

(14b) 

The  application  of  the  change  of  variables  used  in  (1  1)  allows 
one  to  express  (14)  as 


where  the  Fresnel  integral  F  is  defined  as 


and 


n£)  = 


exp  (-in ,'4) 


exp  (it’ )  dt 


(19) 


h  = 


(20) 


Using  the  analytic  continuation  argu.mer.t.  one  can  show  that, 
for  complex  angles  of  incidence,  equation  (IS)  is  still  the 
proper  solution  of  the  diffraction  problem.  In  this  context  Cl 
is  replaced  by  the  complex  angle  y  which  follows  the  path 
r,((i°°,  0)  >J  (0,  n)  U  (tt,  -  ;<»)]  in  the  complex  y-plane  to  cover 
the  infinite  spectrum  of  incidence  angles. 

In  reviewing  the  material  presented  in  this  section,  we  note 
that  its  principal  contribution  has  been  the  introduction  of  the 
spectral  diffraction  coefficient,  which  is  shown  to  be  asso¬ 
ciated  with  the  integral  representation  of  the  scattered  field  in 
terms  of  the  Fourier  transform  of  the  induced  current  on  the 
surface  of  the  scatterer.  The  equivalence  between  the  GTD 
results  and  those  derived  from  the  spectral  rep.'-esenlation  for 
observation  angles  not  close  to  the  shadow  boundaries  can  be 
easily  established  by  substituting  the  asy.mptotic  expan.sion 
of  the  Fresnel  integral  into  (18). 

One  of  the  important  attributes  of  the  spectral  approach  is 
that  it  provides  a  uniform  representation  of  the  scattered  field 
that  is  based  on  physical  interpretation  of  the  diffraction 
phenomenon  in  terms  of  radiation  from  the  induced  surface 
current.  This  feature  allows  one  to  generalize  the  formulas 
such  that  they  apply  to  a  wide  range  of  scattering  geometries. 
This  point  will  be  illustrated  in  subsequent  sections  with  some 
representative  examples. 


III.  Finite  Bodies  with  Edges-Comparison  of 
Spectral  and  Uniform  Theories  for  a 
Typical  Example-The  Strip 
In  the  previous  section  we  introduced  the  concept  of 
spectral-domain  representation  of  the  field  scattered  from  a 
half-plane  and  showed  how  the  difficulties  with  Keller's 
formulas  in  the  transition  regions  could  not  only  be  inter¬ 
preted  but  circumvented  as  well.  Though  the  above  result  may 
be  interesting  from  a  theoretical  point  of  view,  the  diffraction 
formula  would  be  even  more  useful  if  it  were  applied  to  prac- 


x^^fn,  til)  =  xf^cn.  s^)  +  Fx^^fn,  0)  dS) 

where 

xf^m,  0)  =  Tctn—; (16) 

r  2 


*  Th«  reader  should  be  cautioned,  however,  that  contrary  to  the  pop¬ 
ular  belief,  the  fringe  current  (excess  of  physical  optica  current)  is  not 
confined  to  the  very  near  vicinity  of  the  diffracting  edge  and  the 
assumption  that  the  edge  diffraction  is  a  local  phenomenon  governed 
solely  by  the  configuration  of  the  tip  of  the  edge  can.  in  some  cases, 
lead  to  substantial  errors.  An  example  of  this  occurring  in  a  wedge- 
diffraction  problem  is  given  in  Section  V. 
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tical  structures,  which  are  obviously  of  finite  extent.  The 
classical  CTD  formulas,  when  applied  to  such  tinite  structures, 
still  contain  spurious  infinities.^  notwithstanding  the  fact 
that  the  spectrum  of  the  induced  current,  and  hence  the 
scattered  field,  must  be  necessarily  finite.  Thus  in  contrast  to 
the  half-plane  problem  for  which  it  was  necessary  to  express 
the  scattered  field  in  terms  of  the  integral  representation  1 1  I ) 
because  of  the  singularities  in  the  diffraction  coefficient,  the 
far  scattered  field  for  the  finite  structure  should  be  obtainable 
directly  from  the  spectrum  of  the  induced  current  by  a 
straightforward  application  of  the  saddle  point  integration 
technique  (which  would  merely  require  a  substitution  of  vari¬ 
ables)  in  the  integral  representation  for  the  scattered  field.  If 
the  transform  or  the  spectrum  of  the  induced  current  is 
properly  computed,  the  far-field  expression  derived  from  it 
should  be  uniformly  valid  for  all  observation  angles,  including 
the  transition  regions,  and  consequently,  no  a  posteriori 
correction  would  be  needed  for  formulas  derived  in  this 
manner.  This  is  in  contrast  to  conventional  GTD  formulas 
which  are  typically  “repaired,”  after  the  fact,  by  employing 
one  of  the  uniform  theories,  e.g.,  the  uniform  theory  of 
diffraction  (UTD)  of  Kouyoumjian  and  Pathak  (301  or  uni¬ 
form  asymptotic  theory  (UAT)  of  Lewis,  Ahluwalia,  and 
Boersma  (29) .  With  this  background  in  mind,  we  proceed  m 
the  following  section  to  compare  the  various  uniform  theory 
formulas  with  the  one  derived  from  the  spectral  approach  by 
considering  a  simple  illustrative  example,  viz.  the  strip.  We 
show  that  not  only  are  the  spectral  formulas  uniform  in  their 
original  format,  and  therefore  require  no  a  posteriori  correc¬ 
tion,  they  are  actually  simpler  and  more  accurate  as  well.'  The 
increased  accuracy  results  from  the  inclusion  of  a  term  which 
arises  naturally  in  the  spectral  formulas  from  a  physical  inter¬ 
pretation  of  the  diffraction  phenomenon,  but  is  shown  to  be 
missing  in  the  other  uniform  formulas  which  are  based  on  the 
assumption  that  diffraction  is  a  '’local”  phenomenon.  We  will 
see  that  the  absence  of  this  term  can  create  nontrivial  and  non¬ 
physical  discontinuities  m  the  scattered  fat  field.  This  tact 
will  be  further  illustrated  m  Section  V,  where  we  consider 
another  wedge  diffraction  problem,  viz.  the  diffraction  by  a 
rectangular  cylinder. 

Before  closing  this  section  it  will  be  worthwhile  to  point  out 
that  the  spectral  approach  does  not  achieve  the  characteristic 
advantages  described  above  by  abandoning  the  conventional 
and  well-familiar  formulas  of  Keller's  GTD.  which  have  un¬ 
questionably  established  themselves  in  the  literature  on  high- 
frequency  diffraction  and  proved  their  usefulness  for  com¬ 
puting  the  scattered  field  except  in  the  vicinity  of  observation 
angles  near  the  "trouble"  regions.  Interesting,  the  Keller 
coefficients  blend  in  naturally  in  the  STD  formalism  which 
makes  explicit  use  of  the  GTD  expressions  in  the  representa¬ 
tion  of  the  scattered  field.  However,  the  interpretation  of  the 
Keller  coefficients  as  well  as  the  final  form  of  the  formulas  in 
which  they  appear  can  be  significantly  different  from  those 
found  in  the  ray-optical  approach,  as  will  be  evident  from  the 
material  presented  in  the  following  section. 

A.  Comparison  of  STD  and  CAT 

The  DAT  of  Lewis  er  at.  (29)  has  been  introduced  to  over¬ 
come  some  of  the  difficulties  in  GTD  that  occur  at  the  transi¬ 
tion  regions  associated  with  shadow  and  reflection  boundaries. 

’Except  in  special  situations  when  the  aggregate  contribution  of  these 
infinities  cancel. 
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Fig.  2.  Geometry  of  the  strip  problem. 


In  UAT,  the  fictitious  infinities  in  Keller  diffraction  coeffi¬ 
cients  for  edges  are  annihilated  by  the  introduction  of  addi¬ 
tional  terms  which  themselves  go  to  infinity  at  the  shadow 
boundaries  such  that  the  singularities  in  the  Keller  coefficients 
are  canceled  out  exactly. 

We  first  present  some  uniform  formulas  based  on  UAT  for 
some  typical  edge  diffraction  problems  and  then  show  that  the 
UAT  ansatz  can  not  only  be  physically  interpreted  using  the 
spectral  approach,  but  can  be  improved  and  generalized  also  in 
a  straightforward  manner.  To  illustrate  our  point,  we  con¬ 
sider  the  problem  of  diffraction  by  a  strip  of  width  2a  which 
is  illuminated  by  an  //-polarized  wave  (see  Fig.  2).  The  inci¬ 
dent  angle  is  0o.  and  other  variables  such  aspi,  0i,P2,  and  (>y 
are  shown  in  the  diagram. 

Following  the  UAT  prescription  [231,  we  write  the  total 
field  as 

//'  =  //'(f(?i)-  F(J!)1  -t-//"(F(Sil-  hi'i)\  -  h‘ 

F(^i)]  +//'’[f({;)  -  +H^-  ir  (21) 

where  //'  is  the  incident  field  given  by 

//' =  exp  (-ikp  cos  (0  -  00))-  (22) 

H'  is  the  reflected  field  (from  an  infinite  plane)  and  has  the 
form 


/f  =  exp  (-ikp  cos  (0 -I- 0o))-  (23) 

F  is  the  Fresnel  integral  defined  in  (19)  and 

Fix)  =  — ^=exp  (i(x’  *  nl4)).  (24) 

2x-\/n 

F  is  the  asymptotic  form  of  F  for  large  positive  argument. 
The  subscripts  1  and  2  refer  to  the  two  edges  which  form  the 
origins  of  the  coordinate  systems  for  the  corresponding  dif¬ 
fracted  fields  associated  with  these  edges. 

The  diffracted  fields  //f  and  //f  are  derived  from  Keller's 
GTD  formulas  in  a  standard  manner  and  are  expressed  as 


//f  =  exp  i'ika  cos  0o) 
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vshcio  VM'  havp  .i|!,iin  niiiilc  us?  ot  Iho  !i|'rv'tial  iloni.iin  m 
lri|'ro(.ilioii  ol  thp  Mjliriol  (ipUI  {notliivrd  t>>  /'  auU  lu%o 
rvpu'SM'vl  this  (loKI  at  ihf  Jilfriciur  I'clwecn  |lu>  Kriloi 
ilitlravl(*il  licivl  U'*  aiiJ  tho  ficUt  wh\»ti  it  I'n'rottional  lo 
till'  tiJiitlotiii  of  Iho  plitMi.il  oplut  iiinoni  ,m  ilip  halt 
plain'  Also,  h.ise  uscit  the  ssiiihol  lot  the  s.-allciOit 
lii'lil  line  to  the  I'ltssual  optics  cuiieiit  on  the  sitip  1  he  ev 
presMoii  for  H’'  it  sety  sti.iinhtloi\saril.  aiiil  is  iiiven  hv 
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H  -  ti  — ^  Vsin  ifif -fd 

N'STfp 

sill  Uiitcos  0(1  *■  cos  clll 

I  tf'f 

idteos  Oil  COS  s') 

let  US  now  comp.iie  the  U  AT  t.'S)  aiul  the  Sm  expiessions 
(.)')  lo  facilitate  this  compatisoii.  »e  have  numeiicatls  evalvi 
ateil  //'’  anil  //“  where 

/f* ’//'lAtcT) 

(.17) 

.Shown  in  l-n;  4  ate  the  plots  of  //'’  aiut  //'“  for  a  .'X  wi.le  strip 
anil  p  **  .SOX.  which  is  Ihe  viistance  lii  the  iihseisatu'n  piiint 
from  Ihe  origin  of  the  coonlinale  system  localeil  al  Ihe  cenlcr 
of  the  snip  It  IS  eviilenl  that  Ihe  two  .nianlilies  are  vitliialls 
iiiiUstingiiishai'le  Ihiis  we  have  a  simple  evpression  for  //'“ 
which  is  ei]iiisatent  lo  the  collection  I'f  several  insolvcil  e\ 
presMons  that  constitute  //'*. 

Ne\t,  we  note  a  conspicuous  absence  of  the  j  terms  in 
(»'}>)  Mlhough  these  lernis  can  nialse  significant  conttibiitions 
to  the  scallerej  field,  they  ate  not  present  in  anv  of  the  ray 
optical  ospressions  ilerived  to  dale,  perhaps  because  it  is  dil 
ficvilt  lo  I'Mract  them  from  a  tas  optical  approach  We  deni- 
onslraie  a  little  later  that  the  exclusion  ol  these  terms  Ironi 
thr  Si  altered  field  can  introduce  significant  errors  in  some 
cases 

Keliirnmg  lo  the  comparison  of  (;.S>  and  t.ls).  we  draw  Ihe 
conclusion  that  the  application  of  the  .Sm  concept  ptosides 
us  with  a  simpler  and  more  accurate  expression  than  Ihe  UAF 
In  particular,  we  note  that  Ihe  expressions  of  each  of  Ihe  terms 
//'*.  ,  and  111  i.'.i)  are  trigonometric  in  nature,  vshereas 

( 7S)  reipiires  the  evaluation  of  the  I'resnel  integrals  and  cancel 
laiion  of  numbers  which  are  etiiial,  opposite,  and  mfmitels 
large  m  the  vicinity  of  the  shadow  boiindaiies  Next,  we  dem 
onstrate  that  the  same  physical  interpretation  can  also  be  ap 
plied  to  II ri).  the  Ks'usoiimiian-rathak  iinilorm  formula 
(lO)  The  simplification  m  Ihe  expressu'tr  foi  the  scattered 
field  IS  eipially  dramatic 

•f  (■■’mp.rririin  of  ,x' r/)  M  if/i  (  T/f 

The  I' IP  of  Koiiyoiimiian-i'athaX  has  also  been  introduced 
to  overcome  some  of  the  difliciillies  in  C.  TP  that  occur  al  Ihe 
transition  regions  associated  with  shadow  and  renectioii 
boundaries  Moss  ever,  in  contrast  to  PAT.  the  fictitious  m 
finities  in  Ks'ller  diffraction  coefficients  are  eliminated  in  PIP 
hy  the  introduction  of  niultiphcafive  factois  which  goto  »eio 
at  Ihe  shadow  boiindanes  such  that  the  product  has  a  Imile 
discontinuity  that  matches  the  diss'ivntinuitS'  m  the  geomet 
rival  optics  field.  As  a  result.  Ihe  total  field  computed  by  such 
a  modified  diffractissn  coefficient  is  s'lsnliniiiviis  for  all  observa 
turn  angles 

We  first  present  the  PTP  solution  of  the  problem  of  diffiac 
tion  by  a  strip  of  width  illuminated  hy  an  //  polanred  wase 
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(see  t  ig  and  then  show  that  the  PVI>  aus.it;  can  aKo  t'e 
physic.iUy  luterpieted  using  the  spectral  approach  I'uithei 
nit'te.  as  m  P.M.  Ihe  PVI'  loimulas  can  t'e  imptoscd  and  pen 
eiahred  for  comples  geometries  m  a  sriaightlorwaid  maniioi 
I'ollowmg  the  PIP  f.'imiilalion  l.'t'l.  we  wiile  the  total 
lielil  lot  V  ''  0  as 

»'-M'vll't  r.ifr-t't  r,j)  1 1  r  M'' + /f {’  r  t.si 

where  //  and  /f'  are  gtsen  in  y^.')  and  tf.t).  lespeclisels  . 
(ft  )  IS  the  step  I  unci  ion .  r, ,  and  r,  j  aie  Ihe  shadow  indii  alois 
assivciatcd  wrth  tialt. planes  t  and  7.  lespectisels  .\  slradow  in 
dicalot  has  Ihe  value  I  in  Ihe  shadow  legioii.  and  0  in  (lie  lit 
region  the  dt  r,,)  and  dy  r,,)  lot  this  ex.imple  can  be 
w  irllen  explicitls  as 

(ft  rr|)-|»sgnl  yr  ('ll)*  s',  I  s  t»'^a) 
dt  ssgnyfr  )  |  ytuM 

w  lieie 

I  It.  foi  V  ''  yl 

sgius)-  -j  ytOii 

I  '  I  I  I .  lor  s  0 

IS  simply  a  sign  function 

the  Hi'  and  in  t  tS)  aie  Ihe  dilfiaclcd  lields  lalculaied 
bs  the  Pit'  formulas  With  the  modilied  ditfiaclion  civel 
ticients.  Ihe  Keller  1 1 1  P  dilfi acleil  t letils  ^  as  gis en  in  y  7 'a ) 
and  y7Sb)  lan  be  made  uniform  accoiding  lo  PIP  ansal?  and 
beco  ne  which  are  given  below 

f/r-expy  ;tjcosv\,>(  exp  )  (/‘y*,), .  vX„  yX, ) 

exp  y  i7tp,  cos’  {yyX,,  -  yX,  )  7|)  sgntii  y^,  ♦  yX,  ' 

♦^iXr'i.Oi  ♦Oefexpy  i7X,>,  cos’  (yyX,  ♦yX^p^}) 

sgnt<x„  n  f  yX, ))  }  ^^^ya) 
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Kig.  5.  Comparivon  of  STO  and  UT'I)  fof  a  3.\  ^Inp.  (a)  Magnitude  of 
//"  (STD;  cf.  (Jo))  and  magnllu.la  .if  H„  (DTO.  if.  {4:»,  (h)  t'haii 
of  /(^  (STD;  if.  (.fn)).  and  phaia  of  //,|  (I'TD,  if  (43)). 


//P  -  exp  (l*d  lO*  00 )  {•  'JiP  (f  (Tp; ;  0j  -  0o> 

exp  (-ilkfit  cos’  {(0,  -  00  V2})  sgn(ir  0o  -  0j ) 

+  r(*pj.0j  4-v'o>exp  (-i:Tpj  cos*  {(0]  4-v>oV2)) 

•  sgn  (!T  -  00  -  0,)|  )  (40li) 

where  sgti(.v)  is  deltned  in  and  t'(x)  is  define.l  in  (I*!) 

wi(h  the  argument  given  by 


4>  t<t>o 


(40i) 


I  if  ft.  pjffraition  4  (^ciaiiguiar  c\clir.(iftr  niuminat^d  by  an  H 
r‘»l»rij#*l  pUn#  mculfnt  at  an  anfl^  v% 


90* 


Kif.  7.  CtTP  (liffracift*!  far  ri<*ld  r*«tt^Tn  of  ih*  recfansulai  olindir. 
Ort  •  ff/**.  a  *  ^  IX.  Note  that  th^  siifContinuitift«  m  th(P  u'ait^r«d 
field  are  on  the  order  f'f  3  dH. 


where  p“  Pi  or  P],  and  0  >01  or  0] ,  accordingly . 

In  order  to  give  a  physical  interpretation  to  the  UTD  for¬ 
mulation,  we  now  rearrange  the  terms  m  (J.S)  following  the 
steps  that  are  similar  to  the  .mes  used  in  conjunction  with 
(21).  In  UAT,  these  steps  led  to  (28\  which  was  then  com¬ 
pared  with  the  STD  expression  (dS).  To  this  end.  we  rewrite 
the  total  field  given  in  (38)  as 

//'-//' 4- (//t'-  «r)  +  (//^-  //r)+  {|0(-e„)  +  O(-fr3)-  11 
•  n'  ♦  //P  -  //f  4-  /ff  4-  mP  -  //•/  f  f/P}.  (41) 

Note  that  /ff^j  and  have  been  added  and  subtracted 

from  (38)  in  writing  (41).  //'/  and  H'*  are  given  in  (2?a)  and 
(25b),  respectively,  //f  and  //f  arc  given  in  C^a)  and  (24b), 
respectively. 

Following  the  same  steps  which  led  to  //“  in  (37),  we  ob¬ 
tain  //„,  the  UTD  counterpart  of  //"; 

-tfl(-<,|)  +  fl(-f„)-  II  /r  ♦ //P  - //f  ♦ /ff 

♦  //P-/ff>//f  (42) 

which  may  be  identified  as  the  collection  of  terms  inside  the 
braces  {  }  in  (41). 


Shown  in  Fig.  5  are  the  plots  of  H”  given  in  (30)  and  //„ 
given  in  (421  for  a  2.\  wide  strip,  and  p  ••  50\.  which  is  the 
distance  of  the  observation  point  from  the  origin  of  the  co¬ 
ordinate  system  located  at  the  center  of  the  strip  We  have 
thus  dcnionsirated  that  the  Kouyoumjian-I’athak  UTD  can 
also  he  physically  inlerpietcd  using  the  spectial  concept.  Vhe 
simplification  in  the  expression  for  the  scattered  field  is 
equally  dramatic,  as  evidence.l  by  a  comparison  of  //"'  with 
Hu,  the  former  being  trigonometric  and  the  l.itter  involving  the 
F'resnel  integrals.  Moreover,  H^  is  continuous  ihiougboul  the 
entire  region  of  obsen-alion.  whereas  //„  has  terms  with  dis¬ 
continuities  in  both  the  rellected  and  the  dilfractcd  patts  of 
the  expression. 

C.  Improrcmeni  ,if  (M  T  j/i.f  (T/3 
Next,  ijie  go  on  to  show  that  the  inclusion  of  -  (//{  4-  n\ )  in 
the  expression  for  the  scattered  field  diffracted  from  edges  can 
be  very  important  for  accurate  evaluation  of  the  field.  To  il¬ 
lustrate  our  point,  we  consider  the  example  of  a  rectangular 
cylinder  illuminated  by  a  plane  wave  (see  Fig.  h).  fixing  con¬ 
ventional  OTD  uniform  foimulas,  we  obtain  the  scatteting 
pattern  shown  in  Fig.  7.  Tlie  STD  result  (whose  dcnvation 
will  be  presented  in  more  detail  in  a  later  section  in  this 
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Fig.  t>.  Scaliered  far-fKltJ  pattern  of  the  rectangular  cylinder  using  STD 
approach ;  =  tr/4 ,  a  =  6  =  1 L. 


paper),  which  has  been  verified  rigorously  by  comparison  with 
the  numerical  computation  of  the  scattered  field,  is  shown  in 
the  companion  diagram  (Fig.  8).  It  is  evident  that  the  GTD 
results  contain  discontinuities  (~3  dB)  in  the  vicinity  of  angles 
0=0,  Jt/2,  77,  and  3:t/;.  which,  incidentially,  are  located  far 
from  the  shadow  boundaries.  The  investigation  of  the  wedge 
problem  also  reveals  that  the  generalization  of  the  STD  ap¬ 
proach  to  wedge-type  structures  can  be  carried  out  in  a  very 
simple  manner,  and  the  resulting  expressions  are  once  again 
very  simple,  the  Fresnel  integrals  being  absent  here,  too. 

In  summary,  we  have  demonstrated  that  the  uniform  GTD 
expressions  for  edge  diffraction  formulas  can  be  simplified, 
physically  interpreted,  refined,  and  generalized  using  the  STD 
concept. 

IV.  Systematic  Improveme.nt  of  Asymptotic 
Solutions 

One  of  the  most  challenging  problems  in  the  solution  of 
high-frequency  scattering  analyses  is  the  establishment  of  the 
accuracy  of  the  results  and  the  refinement  of  the  solution 
when  the  need  for  its  improvement  is  clearly  indicated.  The 
difficulty  in  verifying  whether  the  asymptotic  expression, 
typically  derived  from  the  ray  approach,  does  indeed  solve  the 
boundary  value  problem  under  consideration  stems  primarily 
from  the  fact  that  there  is  no  obvious  way  to  “build  in"  the 
boundary  conditions  in  solution  procedures  based  on  ray 
methods.  Another  reason  is  that  the  high-frequency  solutions 
are  often  constructed  for  the  radiated  far  fields,  whereas  the 
application  of  the  boundary  conditions  clearly  requires  the 
near-field  information.  In  contrast,  the  integral-equation 
formulation  for  the  scattering  problem  is  based  directly  on  the 
application  of  the  boundary  condition  and,  consequently,  the 
boundary  condition  check  is  redundant  for  this  approach.  How¬ 
ever,  the  conventional  moment-method  solution  of  integral 
equations  is  limited  strictly  to  the  low-frequency  and  reso¬ 
nance  regions  as  the  matrix  size  becomes  unmanageably  large 
beyond  the  resonance  region. 

In  this  section  we  will  briefly  outline  a  spectral-domain 
method  for  bridging  the  two  approaches,  viz.  the  integral- 
equation  and  asymptotic  techniques.  The  hybrid  method  has 
the  desirable  feature  that  it  not  only  verifies  the  accuracy  of 
the  ray  solutions  but  provides  a  systematic  means  for  improv¬ 
ing  the  solution  for  a  large  class  of  problems  of  practical  in¬ 


terest.  This  fact  will  be  illustrated  via  a  typical  example,  viz. 
plane-wave  diffraction  by  a  strip.  Other  cases  have  also  been 
treated  and  may  be  found  in  (381,  1 391 ,  (44) ,  (451. 

A.  Development  of  Spectral-Domain  Formulation  of  the 
Integral  Equation  and  Its  Iterative  Solution 
The  key  to  combining  the  asymptotic  solution  with  the 
integral-equation  formulation  lies  in  recognizing  the  fact  that 
the  Fourier  transform  of  the  induced  current  on  a  scatterer  is 
directly  related  to  the  scattered  far  field  and  that  a  good  ap¬ 
proximation  to  this  scattered  field  is  often  available  from  any 
asymptotic  methods,  e.g.,  GTD.  To  take  advantage  of  these 
facts  we  choose  to  work  with  the  “Fourier-transformed''  or 
“spectral-domain”  version  of  the  integral  equation  rather  than 
with  the  conventional  spatial-domain  counterpart.  We  begin, 
however,  with  the  conventional  electric-field  integral  equation 
(£-equation)  for  a  perfectly  conducting  scatterer 

'’‘P  1^  ■  r'|/(47r|7  -  T'\)  (43) 

where  G  is  the  Green's  dyadic,  /  is  the  unit  dyad,  and  T  (?’)  is 
the  unknown  induced  surface  current  density.  The  subscript 
t  signifies  the  tangential  component  of  the  field  on  the  surface 
5  of  the  scatterer,  E'  is  the  incident  electric  field  on  the  scat¬ 
terer,  and  •  symbolizes  the  convolution  operation. 

As  a  preamble  to  Fourier  transforming  (43),  we  first  extend 
it  over  all  space.  To  this  end  we  define  a  truncation  operator 
0(A): 


0(A)=jA,S(r -7j)dr,  ?,eS  (44) 

where  S  is  the  Dirac  delta  function.  Let  ^(J)  be  defined  as 
the  complementary  operator 

9(A)  =  A  -  0(A).  (45) 

We  can  then  rewrite  (43) 

d  •7  =  fl(-E')-F^(G  •(57))  (46) 

for  all  space.  As  indicated  above,  in  contrast  to  (43),  equation 
(46)  is  valid  at  all  observation  points  whether  on  or  off  the  sur¬ 
face  5.  Note  that  the  integral  equation  (43)  is  embedded  in 
(46)  and  that  we  have  made  use  of  the  obvious  identity 
57  =  7.  We  have  also  dropped  the  subscript  t  in  writing  (46) 
because  by  referring  to  (44)  we  observe  that  the  5  operator  se¬ 
lects  the  tangential  component  of  the  function  in  its  argument. 

Next  we  Fourier  transform  (46)  by  introducing  the  trans¬ 
form  relationships  which  are  the  three-dimensional  versions 
of  (5); 


F(r)exp  (ik  ■r)dr  =  F(£(r)) 


(47a) 


and 


£(7)  = 


£(7)  exp  (-lif  •T)dt 


F*'(£(f))  (47b) 


with  -on  top  denoting  the  transformed  quantities. 
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The  transforincil  vemon  of  (46)  reads 

(48) 

where  f  ”  F10(5  •  (0/))!  and  H/  is  the  transform  of  the 
tangential  component  of  the  incident  field  truncated  on  S. 
Note  that  the  convolution  operation  in  (46)  is  transformed 
into  an  algebraic  product  upon  Fourier  transformation. 

A  formal  solution  to  (48)  can  now  be  written: 

7 ■'(-?/  +  ?).  (4d) 

Eiiuation  (44)  indicates  that  if  we  had  available  the  Fourier 
transform  of  the  scattered  electric  field,  W’e  could  construct 
the  solution  for  the  induced  surface  current  density  in  the 
transform  domain  by  adding  it  to  which  is  known,  and  by 
performing  an  algebraic  division  represented  by  (j''.  In  prac¬ 
tice,  of  course,/^  is  not  known  and  must  be  solved  for  along 
with  J  if  (44)  is  to  be  used  in  the  form  as  shown.  However, 
instead  of  using  this  form,  we  proceed  to  derive  an  iterated 
form  of  the  equation  as  shown  below; 

y("*')  .^''(-1/ -t-^*"’)  f50) 

which  indicates  that  the  (n  +l)fh  appro.ximation  of  J  can  be 
derived  from  the  nth  approximation  for  F.  We  next  show  how 
F*”*  itself  can  be  derived  from  7^"^  To  this  end,  we  use  the 
identity 

FlF''[(;Jl  -  0(F''[O'7|)1  (51) 

which  may  be  verified  by  writing  (5 1 )  as 

f  -  F[S  .  J  -  0(-t')l  (s:) 

and  using  (46)  to  get 

P  =■  F|0'((7  .  (07))1  (53) 

which,  of  course,  is  the  dcfinition_of  F.  can  now  use  (5  I ) 
to  derive  the  nth  approximation  F^"^  of  F  from  the  nth  ap¬ 
proximation  oil ,  i,e.,y  The  relationship  is  written  as 

^('')  =  F(F''(('7<''’1  -  0(F‘'|57*"’1)I.  (54) 

The  desired  iteration  relating  7*"* and  7^"*  may  now  be 
written.  Using  (50)  and  (54). 

y  ("‘O  .  5'*  (-?,  -t-  F(F‘'  lf;7<"’)  -  0(F''  |l“'7‘"’l)l  I. 

(55) 

B.  Procedure  for  Applying  the  Iterative  Method 

The  step-by-step  procedure  iot  constructing  the  solution  of 
the  transformed  surface  current ./  will  now  be  given. 

1)  Begin  with  an  estimate  of  which  is  the  Fourier 

transform  of  the  induced  surface  current,  or  equivalently,  the 
scattered  far  field  within  a  known  multiplicative  factor.  That 
the  far  scattered  field  is  directly  related  to  the  Fourier  trans¬ 
form  of  the  induced  current  is  well  known  in  electromagnetics 
and  has  been  derived  in  several  standard  texts  (see  for  instance 
(46,  eq.  (2.23b)]).  Typically,  the  initial  approximation  forJ, 


vii.  y(°\  can  be  obtained  as  follows' 

a)  Fstimate  F,  the  Fourier  transform  of  the  scattered  field 
F  outside  the  scatteier,  using  GTD  or  other  asymptotic 
solutions.*  ^ 

b)  Subtract  the  Fourier  transform  of  the  tangential 
component  of  the  incident  electric  field  truncated  to  the  sur¬ 
face  of  the  scatlerer. 

c)  Multiply  the  result  of  Step  b)  by  (7  ’ .  Note  that  (7 

IS  known  and  the  operation  is  algebraic.  Ihe  Founer  trans¬ 
form  IS  typically  done  numerically  using  the  fast  Fourier  trans¬ 
form  IFFTI 

d)  Take  the  inverse  Fourier  transform  of  the  result  of  Step 
c),  truncate  it  to  the  surface  of  the  scatt.'rrr  and  then^’ouner 
transfoim  to  obtainy  the  initial  approximation  fory. 

Z)  Multiply  y'  ’  by  (7,  the  known  transtoim  of  the  Green's 
Dyadic.  Note  this  involves  algebraic  multiplication  and  not 
the  usual  time-consuming  convolution  operation. 

*  ^  (O) 

3)  Take  the  inverse  Fourier  transform  of  the  product  (iJ 
using  both  visible  and  invisible  ranges. 

4)  .Apply  the  truncation-projection  operator  0  to  6"' 
[(77*®*),  which  gives  the  approximation  to  the  tangential  com¬ 
ponent  of  the  scattered  electric  field  f on  the  surface  .5.  The 
accuracy  of  the  solution  can  be  conveniently  checked  at  this 
point  by  verifying  the  satisfaction  of  the  boundaiy  condition 
by  the  tangential  component  of  £  '.  v;i.  ■  F/  •=  -F{}  on  S.  .As 
mentioned  in  the  introduction,  this  is  an  important  feature  of 
the  method. 

5)  Subtract  0(F'‘lUy*®’])  from  the  total  F''|(>'y*®>l 
already  evaluated. 

6)  Take  the  Fourier  transform  of  the  difference  obtained  in 
Step  5. 

1)  Subtract  £'/.  the  Fourier  transform  of  the  tangential  com¬ 
ponent  of  the  incident  electric  tield  truncated  on  the  surface, 
from  the  result  in  Step  6. 

.8)  Multiply  the  result  obtained  in  Step  7  by  (7'' .  Note  that 
G”'  is  also  known  and  the  operation  is  again  algebraic  as  in 
Step  2.  The  result  thus  obtained  is  which  is  the  first 
iteration  of  the  scattered  far  field. 

4)  Take  the  inverse  Founer  transform  of  y  **'  obtained  in 
Step  8  and  evaluate  it  on  S  to  get  the  desired  induced  surface 
current  on  the  scatterer.  In  other  words,  perform  the  opera¬ 
tion  0(K'‘ [7^'M  ).  For  an  exact  solution,  this  operation  is 
redundant,  since y  »  07,  and  hence,  0  (F"’ (F'l07  ]))“  007  "7. 
However,  the  Fourier  inversion  of  an  nth  approximate  solution 
y '  '  vvill  not  give  rise  to  a  current  distribution  that  is  nonzero 
except  on  S.  This  step  provides  a  test  for  the  accuracy  and  for 
the  convergence  of  the  approximate  solution  by  comparing  the 
approximate y^°'  with_F[0tF''  (y  *'*] )]. 

10)  Take^F|0(F"' |y  ^'*1 ))  to  derive  an  impnurJ  approxi¬ 
mation  fory*'*. 


y*'*  from  Step  10  in  the  iteration  (5 
higher  order  approximation y*'*. 

\ 


5.x )  to  generate 


‘Note  that  GTD  (Keller's)  solutions  may  either  have  slngiilatitii-s  or 
may  he  in  error  near  shadow  and  reflection  houndarics  or  at  caustics, 
and  the  UTD  (3S|  and  the  UAT  |3S|  that  are  employed  to  repair  tt TD 
break  down  at  caustics.  The  STD.  on  the  other  hand,  is  uniform  for  all 
observation  angles.  The  critetlun  for  choosing  any  of  these  asvmptotic 
forma  of  solution  is  convenience  of  computation  for  desired  accuracy. 
Kor  a  comparative  evaluation  of  the  accuracy  of  the  t'.TD,  UTD,  U.AT, 
and  STD,  the  reader  it  referred  to  1 3  S  | . 
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Fi|.  Oiffr jctiun  by  a  strip  itlaniinjttfil  by  an  K-wase. 

We  no\s  show  in  some  detail  the  application  of  the  iteration 
procedure  just  described  to  a  two-dimensional  scattering  prob¬ 
lem.  VIZ.  the  diffraction  by  a  strip. 

C.  Di/Jractton  by  a  Strip 

In  the  last  section,  we  presented  a  general  iteration  method 
for  obtaining  solution  of  the  integral  equation  in  the  transform 
domain  with  the  GTD  or  other  high-frequency  solution  as  the 
zeroth-order  approximation.  This  iteration  method  not  only 
allows  us  to  improve  on  the  GTD  or  similar  solutions  but  also 
provides  a  convenient  means  for  testing  the  satisfaction  of  the 
boundary  conditions  on  the  surface  of  the  scatterer.  Further¬ 
more,  the  method  yields  not  only  the  far  field  but  also  the 
induced  surface-current  distribution,  a  feature  not  readily 
available  in  some  other  high-frequency  techniques. 

The  application  of  the  general  procedure  outlined  in  the  last 
section  is  illustrated  in  this  section  by  using  it  to  solve  the  two- 
dimensional  problem  of  a  plane-wave  diffraction  by  a  finite 
screen  or  a  strip.  This  problem  was  chosen  for  the  following 
reasons:  It  is  shown  that  when  the  angle  of  incidence  is  normal 
or  near  normal,  the  GTD  solution  accurately  satisfies  the 
boundary  condition  •  0  on  the  strip  even  when  the  mul¬ 
tiple  interaction  between  the  two  edges  of  the  strip  is  ne¬ 
glected.  However,  it  is  found  that  when  the  angle  of  incidence 
is  near  grazing,  the  GTD  solution  is  quite  unsatisfactory,  while 
the  iterated  solution  generated  by  the  hybrid  technique  does 
display  the  correct  behavior. 

The  geometry  of  the  electromagnetic  scattering  problem  in¬ 
volving  a  perfectly  conducting  infinite  strip  of  zero  thickness 
illuminated  by  a  uniform  plane  wave,  whose  electric  intensity 
vector  is  oriented  parallel  to  the  edges  of  the  strip,  is  depicted 
in  Fig.  9.  For  convenience  of  analysis,  an  arbitrary  incident 
wave  can  always  be  decomposed  into  two  components  with 
respect  to  the  ;-axis,  namely,  TM,  (F-wave)  and  TE,  (//-wave). 
In  the  following  discussion  we  consider  the  f-wave  case  only; 
the  //-wave  case  can  be  solved  in  a  similar  manner  by  con¬ 
sidering  R‘  »  zZ/fl. 

The  incident  field  is  given  by 

fjfp.  0)  ”  ekp  (-ik(K  cos  0o  ■*■/'  (-^6) 

where  the  exp  (-  iijt)  time  dependence  is  understood. 

The  integral-equation  formulation  (47)  for  the  problem  at 
hand  takes  the  form 

-/‘•'(.t)-  I  J,(x')G(x- x')Jx'.  xei-a.a]  (57) 

where  Jg{x*)  is  the  algebraic  sum  of  the  inJuced  surface  cur¬ 
rent  densities  on  the  top  and  the  bottom  surfaces  of  the  thin 
strip.  The  kernel  G  is  the  two-dimensional  free-space  Green's 
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function  given  by 

Gf.v  -  .v')«  f //;,"(iol7  -  *'l)  (5R) 

4 

where  //{,‘*  is  the  Hankel  function  of  the  first  kind  of  order 
zero,  and  is  the  free-space  propagation  constant. 

Note  that  (57)  is  the  conventional  integral  equation  which 
equates  the  integral  representation  of  the  tangential  compo¬ 
nent  of  the  scattered  f-field  radiated  by  the  induced  surface 
current  density  to  the  negative  of  the  tangential  component 
of  the  incident  F-field  on  the  surface  of  the  perfectly  con¬ 
ducting  scatterer  as  required  by  the  satisfaction  of  the  bound¬ 
ary  condition.  Hence,  equation  (57)  is  valid  on  the  strip  only 
An  extended  integral  equation  that  is  valid  for  all  x  can  be 
obtained  by  including  the  scattered  fields  outside  the  strip  as 
Well.  If  the  scattered  field  on  the  interval  (-“»,  -u)  is  desig¬ 
nated  by  Fj  (.v)  and  the  scattered  field  on  the  interval  (u,  “’)  is 
designated  by  F:(.t),  then  the  extended  form  of  (57)  becomes 

j  J,(.x')G(x- x')Jx'~e(-ti(.x))*F,{x)*Fj(.x)  (59) 
J-a 

where  6  is  defined  in  (44). 

Since  the  Fourier  transform  of  the  induced  surface  current 
density  can  be  related  to  the  far  field,  equation  (5‘1)  is  Fourier 
transformed  to  give 

y.(a)  G{a)  (a)  -f  /', (a)  -f  F: (o)  (60) 

where  ~  on  top  indicates  the  Fourier  transform  as  defined  in 
(47)  with  «  as  the  one-dimensional  transform  variable  re¬ 
placing  k. 

The  Fourier  transform  of  the  two-dimensional  Green's  func¬ 
tion  in  (60)  takes  the  form 

G(a)  -  —7=4=^.  (61) 

2\'kl  -  a* 

Note  that  (60)  is  an  algebraic  equation  in  the  spectral  domain 
in  contr.ist  to  the  convolution  form  of  the  integral  equation 
(59)  in  the  spatial  domain.  The  reason  for  working  in  the 
spectral  domain  will  become  clear  when  the  method  of  solu¬ 
tion  for  (60)  is  developed.  Following  the  procedure  discussed 
in  the  last  section  and  in  terms  of  the  notations  introduced  in 
the  present  problem,  we  proceed  as  follows. 

1)  Obtain  the  initial  approximation  of  the  Fourier 

transform  of  the  induced  surface  current  density,  or  equiva¬ 
lently,  the  scattered  far  field  within  a  known  multiplicative 
factor,  as  follows. 

I.l)  Fmd  the  expressions  for  the  first  estimate  of 
+  f|®\o).  Note  that  GTD  may  be  used  to  get  closed- 
form  expressions  for  F{®H«)  and  F5°\a)  since  these  can  be 
obtained  from  the  GTD  solutions  to  the  two  half-plane  prob¬ 
lems  as  shown  in  Fig.  10.  The  expressions  for  and  F\°^  as 
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Kig.  1 1.  M«gnilud«  of  ih«  induced  surfjce  current  dentity  dulribution 
normetieed  to  on  the  strip  of  Au  ■  4  (I.273X  wide), 

0,  -  -AO*. 


obtained  from  GTD  read 


h  ['^\a)“  —  expUka  cos  do)  stn  ~| 


exp  (id Cl) 


i  exp  (id (a  +  k  cos  do)) 


[a*  k  cos  do )  *  k  (a  +  *  cos  do ) 


/•  j  ’(a)  "  ■  ~  I  ( ■  '*0  ‘■■o*  do )  V  Sk  cos  — 


exp  ( -  iod)  i  exp  ( -  in  (a  A:  cos  do )) 

,  .  - ==:^+  - 2—  (63) 

(rt  F  t  cos  do )  V  t  -  a  (a  -A  A  cos  do ) 

Note  tliat  these  expressions  are  free  of  singularities  for  all  a. 

1.2)  Solve  for  the  initial  approximation  of  7,  (ar),7*®*(a), 
by  carrying  out  the  operations  shown  below: 


2)  Use  (55)  to  further  improve  the  solution  as  necessary. 

The  check  for  satisfaction  of  the  integral  equation  can  be  ap> 
plied  very  simply  by  computing  7(a)  C{a),  taking  its  inverse 
Fourier  transform,  and  venfying  how  well  it  approaches 
-  f '  on  the  surface  of  the  scatterer. 

Fig.  11  shows  the  calculated  induced  surface  current  density 
distribution  on  the  strip  with  ka  •  4  (|,3X  wide)  for  normal  in¬ 
cidence.  Note  that  the  current  density  becomes  large  at  the 
edges,  as  it  should  for  F-wave  incidence,  although  no  specific 
condition  was  enforced  at  the  edges,  nor  any  special  care  ex- 
sercised.  Note  also  that  the  approximate  current  is  confined 
essentially  on  the  surface  of  the  strip  and  extends  very  little 
outside  of  this  surface.  Thus  the  solution  in  this  case  is  very 
close  to  the  true  solution,  and  this  is  easily  verified  by  truncat¬ 
ing  the  current  density,  computing  the  scattered  field  it  radi¬ 
ates  on  the  stnp,  and  verifying  that  the  scattered  field  is 
indeed  very  nearly  equal  to  -  E'. 

Fig.  12  depicts  the  result  for  ka  •  40,  i.e.,  a  13X  strip.  Note 
that  the  peak  in  the  center  is  no  longer  present  and  the  current 


Fig.  12.  Magnitude  ot  the  induced  suitace  current  density  distribution 
noimalired  to  (iA,/.,)  '  on  the  strip  of  Aj  •  40  vtT.TS.X  wide), 
O,  ■  dO*. 


NoeuAuirco  CHsrasci  C/a 

Fig.  13.  Moment-method  (applied  in  the  spectral  domatni  solution  ot 
the  magnitude  or  the  induced  surrace  current  density  distribution 
nnrmalired  to  I//,  on  the  strip  ot  Aa  •  50  tl  5.42.V  wide),  p,  •  <»0*. 

there  approaches  that  given  by  the  physical  sspiics  approxiina- 
tion.  There  are  now  more  oscillations,  however,  and  the  cur¬ 
rent  density  has  a  sharp  dip  before  rising  to  infinity  at  the 
edges. 

Fig.  13  displays  the  moment  method  applied  in  the  sptectial- 
Jomaiti  solution  (14)  and  the  companson  with  the  one  ob¬ 
tained  here  is  quite  favorable. 

Fig.  14  exhibits  the  satisfaction  of  the  boundary  Ccmdition 
after  one  iteration.  As  mentioned  before,  such  a  test  is  not 
available  in  the  conventional  GTD  approach. 

Let  us  next  turn  to  the  interesting  case  of  a  near  grating 
incident  where  the  letoth-order  current  density  has  a  long  tail 
extending  beyond  the  edge  of  the  strip  (see  Fig.  15).  This 
result  is  to  be  expected  since  the  two  half-plane  GTD  solutions 
used  in  the  zeroth-order  approximation  represent  a  poor  ap¬ 
proximation  for  the  induced  current  for  shallow  incidence 
angles.  If  this  tail  is  truncated,  the  remaining  portion  of  the 
current  density  on  the  strip  produces  a  scattered  field  on  the 
surface  of  the  strip  which  is  significantly  different  from  -f  , 
where  I  fM  ■  I ,  as  may  be  seen  from  Fig.  16. 

Fig.  1  7  shows  the  effect  of  one  iteration  on  the  zeroth-otder 
GTD  solution  shown  in  Fig.  IS.  Note  that  the  current  density 
is  significantly  altered  in  the  neighborhood  of  the  shadowed 
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Ki^.  14.  Magnitude  of  the  scettereJ  r  neld  evaluated  on  the  strip  of 
ka  ■  40.  0*  ■  ^0*  (one  iteration). 
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Fig.  17.  Magnitude  of  the  Induced  s  irface  current  density  distnhution 
normaUred  to  on  the  &trip  of  ka  ■  40.  ■  10*  (one 

Iteration). 


o 


•  rsj  -e:  o?*  lO) 
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Fig.  IS.  Magnitude  of  the  induced  surface  current  density  distribution 
nurm.lit«il  to  (ilk./j)''  on  Ih.  .(rip  of  kj  •  40,  C,  ■  lO"  (no  Itera¬ 
tion). 


Kit.  Id.  Mafnltudr  v>f  the  acattered  K.' field  avaluited  on  the  strip  of 
ka  •  40,  v'.  “  10°  (on.  Iteration). 

edge,  demonstrating  the  fact  that  even  with  a  relatively  poor 
initial  guess,  the  convergence  is  quite  rapid  in  this  case. 

To  see  that  this  is  indeed  an  improved  solution,  the  trun¬ 
cated  portion  of  it  is  used  to  calculate  the  scattered  field  It 
is  observed  that  the  satisfaction  of  the  houndar>’  condition  has 
been  improved  as  shown  in  Fig.  18. 

To  verify  the  convergence  of  the  solution  numerically,  one 
more  iteration  is  performed  and  the  result  is  depicted  in  Fig 
19.  Note  that  the  shape  of  the  surface  current  density  does 
not  change  much  which  indicates  a  settling  down  of  the  solu¬ 
tion  has  occurred.  Also,  note  that  the  tail  extending  outside 
of  the  strip  has  been  reduced  to  an  insignificant  quantity, 
which,  when  truncated,  will  produce  little  effect  on  the  scat¬ 
tered  field  on  the  surface  of  the  strip 
To  further  validate  the  solution,  the  moment-methcHl  solu¬ 
tion  1 19),  of  the  same  problem  with  slightly  different  param¬ 
eters  is  shown  in  Fig.  20  for  a  comparison.  Again,  the  agree¬ 
ment  is  good.  However,  in  terms  of  computational  efficiency, 
the  present  method  is  far  superior  to  the  moment-method 
solution  for  the  accuracy  realized. 

To  recapitulate,  the  strip  problem  has  been  solved  by  a 
combination  of  the  integral  equation  and  asymptotic  high- 
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Kig.  19  Mjcnitud«  of  th«  inUu<«J  surface  currant  Jan»ity  JUtributlun 
normaltxaJ  to  *  on  tha  itrip  of  *4  ■  40.  P,  •  10"*  (two 

itarationt). 
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Klg.  20.  Momanl-mathod  (appliad  in  tha  spactral  domain)  solution  of 
tha  magnituda  of  tha  induced  surface  currant  density  distribution 
normittad  to  1//,  on  tha  strip  of  ka  "  SO.  •  S*. 


frequency  techniques.  Formulation  of  the  intergral  equation 
in  the  Fourier  transform  Jomain  allows  one  to  conveniently 
obtain  the  zeroth-order  approximation  to  the  transformed 
unknown  surface  current  density  from  the  solution  of  two 
half-plane  problems. 

Higher  order  solutions  have  been  obtained  via  the  iteration 
steps  outlined  above,  and  the  numencal  convergence  has  been 
demonstrated.  The  iteration  process  generates  the  proper  edge 
singulanties  even  when  they  are  not  present  in  the  original 
approximation,  e  g.,  physical  optics.  However,  additional  it¬ 
erations  ate  necessary  in  that  case.  Validity  of  the  solution 
has  been  substantiated  by  numerically  verifying  the  satisfac¬ 
tion  of  the  boundary  condition  to  within  a  close  tolerance. 

V  DiFinsCTION  BY  A  RjCTANOULAR  CVLtNPER 

Nest  we  consider  a  scattering  problem  involving  multiple 
edges,  e  g  ,  a  rectangular  cylinder  This  example  is  chosen  for 
the  purpose  of  illustrating  the  ease  of  application  of  the 
spe.tral-domain  approach  t.i  problems  of  this  type  and  to 
demonstrate  the  nonlocal  behavior  of  the  edge  diffraction 
phenomenon  The  solution  to  this  problem  has  been  con¬ 
structed  using  the  STD  formula  1 3$)  given  in  Section  III  and 
the  lesuil  c>h  ained  has  been  found  to  be  very  satisfactory. 
However.  the  sake  of  illustrating  the  point  alluded  to  in 
SectKMi  III  .rgardmg  the  potential  of  the  STD  approach  with 
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Us.  21-  For  the  snsle  of  incidence  o.  as  sbow-n.  isedse.  I.  2.  and  5  are 
tUiiminaled  while  wedge  a  is  in  ihe  dark. 


regard  to  the  refinement  of  IITD  solution,  it  will  perhaps  be 
more  helpful  to  return  to  the  conventional  GTD  expression  for 
multiple  edge  diffraction,  use  it  as  a  starting  point,  and  then 
improve  it  via  an  iteration  procedure  based  on  the  spectral 
apptciach. 

The  geometry  of  the  problem  is  shown  m  Fig.  21.  We  note 
that  the  wedges  1,  2,  and  3  and  faces  .-I  and  8  are  illuminated 
by  the  incident  wave,  while  the  faces  ('  and  D  and  the  wedge  4 
are  in  the  shadow.  Let  us  first  consider  the  hemisphere  above 
the  face  .-1.  The  contribution  to  the  scattered  field  in  this 
region  comes  frc'ni  the  two  lit  surfaces  and  rays  diffracted  by 
the  wedges  1,  2,  and  .V  To  derive  a  first  approximation  to  the 
asymptotic  expression  for  the  far  field  scattered  by  the 
cylinder,  we  may  use  Keller’s  coetlic.ents  for  the  diffraction 
by  the  three  wedges.  From  wedge  1  we  have,  for  instance. 


H-x 


'•  exp  t-ikt-j  cos  00  +  sit  '^o  H 


exp  tixplexp  (I 
v'p  V  -"k 


12/3  sin  2rr/.2  exp  tiLj  ccis  C)  exp  {-ikb  sin  0) 
cos  2.7/3  -  cos  2/3(0-  00 ) 

2/3  sin  2(t/3  exp  (iLj  cos  01  exp  (-ikb  sin  01 
cos  27/3  -  cos  2/3  (0  0ol 
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where  0  <  0o  <  7/2  and  0  <  0  <  37/2.  Similar  expressions 
can  be  readily  obtained  for  the  wedges  2  and  3  (401.  Note 
that  the  scattered  field  from  wedge  3  is  restricted  m  Ihe 
angular  region  0  <  0  <  7/2  and  7  <  0  <  27  for  0  <  0o  <7/2. 
Hence,  in  Ihe  upper  hemisphere  only  one-half  of  the  angular 
range  is  illuminated  by  the  scattered  field  from  wedge  3.  if 
Keller's  formula  for  an  infinite  wedge  is  used  to  dense  an 
approximation  to  this  scattered  field,  .-\nother  rather  impor¬ 
tant  and  common  feature  of  Ihe  Keller  expressions  for  the 
wedge-diffracted  fields  as  given,  for  instance,  by  (651,  is  that 
these  formulas  predict  fictitious  infinities  in  the  scattered 
fields  at  the  shadow  and  reflection  boundaries.  One  could,  of 
course,  completely  eliminate  these  infinities  by  employing  the 
spectral  concepts  and  deriving  the  scattered  far  field  from  the 
transform  of  an  approximation  to  the  uiduced  surface  current, 
comprising  the  physical  optics  and  fringe  currents.  This  tuns- 
form,  being  associated  with  a  function  vvitli  finite  support,  is 
always  bounded  and  consequently  free  of  the  singular  behavior 
present  in  (65). 

As  an  alternative  we  may  also  employ  one  of  the  available 
uniform  theories  (30),  (29)  that  provide  smooth  and  bounded 
transition  through  the  reflection  and  shadow  boundaries.  It  is 


r* 

s 


ISOO 


PROCEEDINGS  OF  THE  IEEE,  VOL.  67.  NO.  II.  NOVE.MBEK  1979 


fortuitous,  however,  that  the  aggregate  contribution  of  the 
infinities  from  the  individual  wedges  cancels  out  exactly  when 
their  contributions  are  superimposed.  This  occurs  because  of 
the  unique  symmetries  of  the  geometry  of  the  rectangular 
cylinder  under  consideration.  Hence,  no  special  care  is  re¬ 
quired  in  this  example  at  the  transition  regions.  The  diffracted 
far  fields  computed  by  using  the  Keller  formulas  for  wedge 
diffraction  are  shown  in  Fig.  7.  It  is  evident  that  the  pattern  is 
discontinuous  at  0°,  90“.  ISO",  and  270°.  As  explained  in 
Section  111.  this  behavior  is  attributable  to  the  assumption  that 
the  edge  diffraction  phenomenon  is  local  which  prompts  the 
use  of  infinite  wedge  diffraction  coefficients  that  yield  a  non¬ 
zero  scattered  field  only  in  the  region  external  to  the  wedge 
and.  hence,  produce  discontinuous  fields  supported  by  in¬ 
duced  surface  currents  that  extend  to  infinity  along  the  wedge 
surfaces. 

To  refine  this  far-field  asymptotic  solution,  we  may  now 
proceed  to  apply  the  iterative  procedure  described  by  (S5). 
To  this  end.  we  first  introduce  in  Fourier  transform  the  vari¬ 
able  a  =  k  cos  0  and  express  the  far  scattered  field  in  the 
hemispherical  region  defined  by  0  <  0  <  tr  in  terms  of  a.  We 
employ  analytical  continuation  of  the  expressions  for  the 
wedge-diffracted  fields  to  determine  the  Fourier  transform  in 
the  range  |a|  >  it  by  substituting  appropriate  complex  values 
for  0.  One  of  the  chief  advantages  of  using  the  available  ex¬ 
pressions  for  the  asymptotic  solution  as  a  starting  point  for  the 
iterative  procedure  is  that  the  approximate  analytical  expres¬ 
sion  is  convenient  for  estimating  the  scattered  far  field,  both  in 
the  visible  and  invisible  ranges.  By  Fourier  inversion  of  the 
scattered  £-field  at  infinity,  we  can  derive  the  tangential  f- 
field  on  a  planar  surface  tangential  to  the  face  A.  If  this  com¬ 
puted  near  field  were  to  satisfy  the  boundary  condition  that  the 
tangential  f-field  on  surface  .4  equal  the  negative  of£'',andthe 
similar  situation  is  repeated  for  other  faces,  we  would  con¬ 
clude  that  the  solution  so  derived  is  an  accurate  one.  How¬ 
ever,  we  would  not  expect  that  to  be  true  for  the  solution 
represented  by  (65),  since,  as  pointed  out  earlier,  this  expres¬ 
sion  produces  discontinuities  at  some  angles  of  observation. 
Nevertheless,  this  solution  provides  a  very  good  zeroth-order 
estimate  for  which  is  readily  derived  by  taking  the  trans¬ 
form  of  the  near  field  derived  in  the  plane  of  the  surface  .-I, 
after  deleting  the  portion  of  the  field  that  corresponds  to  the 
surface  A  of  the  scatterer,  and  repeating  the  same  procedure 
for  the  other  faces  as  well.  In  following  this  procedure,  we 
effectively  compute 

F(F''[C7<®*)  -  0{F''(G7<®M}) 

which  is  an  approximation  to  F  derived  by  using  7^®*.  The 
next  order  of  approximation  to  7 'is  .tow  readily  obtained 
from  (55).  This  quantity  is  Fourier  inverted  four  times  to 
calculate  the  tangential  /f-field  on  the  four  faces  of  the 
cylinder  and  the  surface  current  on  these  faces  is  Fourier  trans¬ 
formed  again  Jo  derive  the  far-field  pattern.  The  iterated  far- 
field  pattern  7^'^  is  shown  in  Fig.  8;  the  disappearance  of  the 
discontinuities  at  0,  ff/2,  377/2,  etc.  is  immediately  evident 
from  this  plot.  This  result  has  also  been  verified  by  a  few 
other  workers  who  have  followed  different  procedures  than 
those  outlined  here  (48].  Recall,  however,  that  the  method 
outlined  here  provides  a  convenient  “built-in"  check  for  the 
satisfaction  of  the  boundary  condition  and  an  independent 
check  is  not  altogether  necessary  to  establish  the  accuracy 
of  the  solution. 


VT.  Application  of  Moment  Method  in 
THE  Transform  Domain 

A  second  approach  to  handling  (48)  would  be  to  employ 
the  Galerkin  procedure  in  the  transform  domain  (391.  One 
may  write 

7~7«»+^Cp7p  (66) 

where  7^®^  is  the  transform  of  the  approximate  solution 
derived  frojn  a  suitable  asymptotic  formula  for  the  scattered 
field,  and  Jp  represents  a  set  of  basis  functions  in  the  trans¬ 
form  domain.  Typically,  there  are  certain  angular  regions  in 
the  far  field  where  the  asymptotic  solutions  requite  refine¬ 
ment.  One  may  choose  to  concentrate  the  basis  functions  in 
these  regions  in  the  transform  domain.  Alternatively,  the  7p’s 
could  be  chosen  as  the  transforms  of  a  suitable  set  of  basis 
functions  in  the  space  domain,  and  the  location  (support)  of 
these  subdomain  basis  functions  may  be  selected  to  coincide 
with  transition  regions  or  comers,  etc.,  where  the  canonical 
solution  of  the  asymptotic  solution  may  reqinre  refinement. 

In  either  case,  the  problem  of  determining  7  may  be  reduced 
to  that  of  finding  the  unknown  coefficients  Cp  such  that  (66) 
satisfies  (48).  The  Galerkin  procedure  provides  a  way  for 
accomplishing  this,  as  we  will  soon  see.  This  technique  also 
has  the  advantage  that  the  other  unknown  in  (48),  viz.  F  is 
conveniently  eliminated  from  this  equation  upon  application 
of  Galerkin’s  method.  Wi  demonstrate  this  fact  in  the  manip¬ 
ulations  presented  below. 

Substituting  (66)  in  (48)  and  taking  a  scalar  product  of  Uie 
resulting  equation  with  a  set  of  suitable  testing  functions  H',, 
we  arrive  at 

Y.  Cp  <IV, ,  &/p>  =  - <1?, ,  E/>  +  <1^, .  F>  (67) 

where  < ,)  is  the  scalar  or  inner  product.  If  we  now  choose 
to  be  transforms  of  functions  which  are  nonzero  only  on  the 
surface  of  the  scatterer,  then  the  scalar  product  (iT'jy,  F)  can  be 
shown  to  vanish.  To  show  this,  one  uses  Parseval’s  theorem 
and  transforms  the  scalar  product  of  IF,  and  F  in  terms  of  a 
similar  product  of  their  counterparts  in  ^he  space  domain. 
Since  the  inverse  transforms  of  IF,  and  F  exist  in  comple¬ 
mentary  regions,  viz.  on  the  surface  of  the  scatterer  and  in  the 
region  complementary  to  this  surface,  respectively,  one  finds 
that  their  scalar  product  is  identically  zero.  One  can  now  pro¬ 
ceed  in  the  usual  manner  to  solve  for  the  coefficients  Cp  by 
solving  the  matrix  equation  represented  by  (67)  with  the  term 
(IF,,  f>  deleted.  It  is  evident  that  the  use  of  this  method 
would  be  practical  only  when  relatively  few  terms  are  needed 
in  (66)  to  modify  the  available  asymptotic  solution;  however, 
this  is  typically  the  situation  for  many  problems.  It  should 
also  be  noted  that  (67)  represents  a  direct  check  on  the  satis¬ 
faction  of  thejjoundary  condition,  in  the  sense  of  moments. 
The  choice  of  IFp's  is  governed  by  the  locations  on  the  surfaces 
of  the  scatterer  where  these  boundary  conditions  are  applied. 
Typically  these  will  be  the  zones  where  the  asymptotic  solu¬ 
tion  might  be  inaccurate,  e.g.,  the  transition  region  between 
the  lit  and  shadow  regions. 

To  illustrate  the  procedure  we  consider  a  smooth  convex 
surface  with  no  wedges-a  circular  cylinder.  One  of  the  impor¬ 
tant  attributes  of  this  canonical  geometry  is  that  it  permits 
convenient  comparison  with  the  exact  series  solution  available 
for  the  representation  of  scattered  fields  from  this  structure. 
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Fig.  12.  Diffraction  by  a  circular  cylinder  illuminated  by  an  £'-'Aave 
incident  along  the  x>axis. 
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Fig.  23.  Geometrical  optics  scattered  farTield  pattern  in  dB  of  a  cir¬ 
cular  cylinder  with  radius  a  s  3X. 


The  geometry  of  the  problem  is  shown  in  Fig.  22.  We  consider 
the  case  of  an  5-polarized  wave  incident  from  0  =  180°. 

The  first  step  in  attacking  the  problem  is  to  use  a  geomet¬ 
rical  optical  approach  to  derive  the  far  scattered  field.  When 
this  is  done,  one  obtains  the  dotted  curve  in  Fig.  23  which 
also  exhibits  the  exact  series  solution  for  the  scattered  field 
as  a  solid  curve.  It  is  evident  that  in  the  range  -60°  <0  <  60° 
the  GO  solution  is  not  adequate.  This  is  not  totally  surprising 
since  it  is  well  known  that  creeping-wave  contributions  need 
to  be  included  in  the  scattered  field  expression  in  the  shadow 
and  transition  regions.  Rather  than  following  this  procedure, 
we  will  now  show  how  the  Galerkin  method  can  be  readily 
and  conveniently  applied  to  this  problem  to  derive  an  accurate 
solution. 

To  this  end  we  consider,  as  a  first  step,  the  behavior  of  the 
scattered  field  on  a  surface  erected  in  juxtaposition  to  the 
cylinder  at  the  point  x  =  a,  the  farthest  point  away  from  the 
incident  field.  Referring  to  Fig.  24,  in  the  .deep  shadow 
region,  say  jyl  <  2,  we  expect  the  scattered  field  El  =  -fl  to 
be  a  very  good  approximation.  On  the  other  hand,  when  we 
go  far  onto  the  lit  region  on  this  surface,  say  for  |y  I  >  6,  we 
expect  the  El  to  be  described  adequately  by  the  GO  formulas. 
If  we  had  a  good  estimate  of  the  scattered  field  behavior  in  the 
transition  region  2  |y  I  <  6,  we  would  be  able  to  get  a  good 
representation  of  the  excess  scattered  field  (over  and  above  the 
GO  field)  on  the  entire  surface  at  x  =  j.  We  should  then  be 
able  to  compute  the  field  radiated  in  the  rhs  of  the  cylinder  by 
this  excess  field  using  the  concept  of  Huyghens’  source  and  use 
this  radiated  field  to  Fill  in  the  gap  between  the  GO  pattern 
and  the  true  pattern. 
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Fif.  24.  Locations  of  the  basis  functions  on  the  aperture  and  the  test¬ 
ing  functions  on  the  surface  of  the  obstacle. 


To  derive  the  field  in  the  transition  region,  we  first  inter¬ 
polate  the  magnitude  of  this  field  from  E'  at  lyl  =  2,  to  0  at 
y  =  6  and  the  phase  from  at  |yi  =  2,  to  the  GO  phase  at 
ly  I  =  6.  Next  we  introduce  a  set  of  basis  functions,  with  un¬ 
determined  coefficients,  to  describe  the  correction  to  the 
interpolated  Ei  field  at  the  plane  x  =  j,  2  <  ly  |  <  6.  To  deter¬ 
mine  these  coefficients,  we  apply  the  concept  of  Galerkin’s 
method  in  the  spectral  domain  as  briefly  outlined  in  the  last 
section.  In  the  example  being  considered  here,  the  transforms 
of  the  basis  functions  play  the  role  of  7p  in  (66),  and  the 
zeroth-order  scattered  far-field  7^®^  is  obtained  by  adding  the 
contributions  of  GO  and  the  approximate  excess  £j-field 
derived  from  the  interpolation  procedure  just  described. 

The  choice  of  the  testing  functions  in  (67)  is  suggested 
by  the  fact  that  the  error  in  the  high-frequency  asymptotic 
solution  is  mostly  concentrated  around  the  transition  region 
on  the  surface  of  the  cylinder,  i.e.,  in  the  neighborhood  of  the 
junction  between  the  lit  and  shadow  regions.  Thus  a  suitable 
choice  for  the  testing  functions  would  be  to  locate  them  at  the 
transition  region  as  shown  in  Fig.  24,  where  the  location  of 
the  basis  functions  is  also  shown.  Note  that  we  need  not  be 
restricted  in  our  choice  for  the  location  of  these  functions  by 
demanding  that  they  have  a  common  support,  although  this 
is  almost  always  the  case  in  the  conventional  moment  or 
Galerkin  methods.  We  may  also  note  from  Fig.  24  that  the 
shape  of  the  basis  and  testing  functions  are  both  Gaussian. 
Since  we  are  dealing  with  transforms,  this  choice  is  not  only 
convenient  for  deriving  the  Fourier  transformations  Jp  and 
Wg,  but  is  also  desirable  from  a  numerical  point  of  view 
because  the  transforms  are  not  oscillatory  as  they  would  be  for 
a  pulse  or  triangular  basis.  This  feature  is  important  when 
numerically  computing  the  scalar  products  <7p,  I?^)  needed  for 
the  determination  of  the  unknown  coefficients  Cp. 

Only  a  few  (3  to  7)  unknowns  Cp  are  needed  to  derive  an 
accurate  solution  for  both  the  radiated  far  field  and  the  sur¬ 
face  current  on  the  cylinder.  The  accuracy  itself  can  be  veri¬ 
fied  by  computing  the  tangential  £-field  on  the  surface  via 
Fourier  inversion  of  the  hemispherical  far-field  pattern 
centered  around  the  point  to  be  tested.  This  procedure  is  also 
used  to  compute  the  surface  current  distribution  from  the 
knowledge  of  the  scattered  //-field  at  large  distances.  Of 
course  an  independent  check  is  available  for  this  problem  via 
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problem,  and  both  the  surface  current  and  the  far  fields  can 
be  improved  via  the  spectral*domain  approach. 

As  another  example,  we  quote  the  problem  of  constructing 
the  Green's  function  for  a  magnetic  dipole  radiating  in  the 
presence  of  a  smooth  curved  surface,  e  g.,  a  cylinder  or  a  cone. 
The  conventional  GTO  solution  derived  from  applying  Watson 
transformation  to  the  modal  series  solution  for  the  cylinder 
breaks  dovvn  when  the  point  of  observation  is  close  to  the 
axial  direction  of  the  cylinder.  This  is  because  the  effective 
wave  number  for  propagation  along  the  axis  approaches  zero, 
whereas  the  asymptotic  solution  requires  that  the  wave 
number  limes  the  radius  of  the  cylinder  be  Urge.  Several  dif¬ 
ferent  asymptotic  solutions  based  on  the  modification  of 
Fock's  solution  for  the  sphere  problem  have  recently  been 
presented  for  the  axial  region  by  a  number  of  authors.  The 
spectral-domain  approach  has  been  found  useful  not  only  for 
testing  the  relative  accuracy  of  these  solutions,  but  for  iter¬ 
atively  improving  them  as  well  [45] . 


Kig.  26.  Total  xurfjc«  current  on  a  perfectly  conducting  circular 
c>  Under  ssith  radius  a  *  3\. 

the  exact  senes  solution.  .A  comparison  of  the  Galerkin  solu¬ 
tion  and  the  exact  senes  solution  is  shown  in  Figs.  25  and  26 
to  illustrate  the  highly  accurate  nature  of  the  Galerkin  solu¬ 
tion.  In  fact.  The  solution  is  almost  identical  to  the  exact  solu¬ 
tion  except  for  a  slight  error  in  the  transition  region,  even 
without  the  Giierkin  refinement,  as  evidenced  by  the  dotted 
curve  in  Fig.  26  which  exhibits  this  case. 

VII,  Concluding  Remakks 

In  addition  to  the  representative  problems  discussed  here, 
the  spectral-domain  approach  has  been  found  useful  for  other 
eieciiOfr.ignetic  scattering  and  radiation  problems  of  consider¬ 
able  interest  138] .  [491 .  It  has  been  applied  to  the  problems 
of  electromagnetic  scattering  by  staggered  half  plane,  a  finite 
plate  138),  a  cylindrcal  shell  [49]  etc.  The  spectral-domain 
procedure  for  testing  the  accuracy  of  high-frequency  solutions 
also  has  been  applied  to  a  number  of  problems  of  practical 
interest.  One  such  example  is  the  canonical  problem  of  a 
corner  m  a  thin  plate  for  which  an  asymptotic  solution  was 
recently  denveJ  by  .Albertsen  [501,  using  a  multiple  Wicncr- 
Hopf  procedure.  Testing  his  solution  for  the  satisfaction  of 
the  boundary  condition  that  the  tangential  electric  field  he 
zero  on  the  plate,  one  finds  that  the  solution  satisfies  the 
boundary  condition  only  approximately  and  contain.s  scmic 
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